Mathematica 11.3 Integration Test Results

Test results for the 156 problemsin "1.2.3.4 (f x)"m (d+e x*n)*q (a+b
xAn+c xA (2 n))*p.m"

Problem 12: Result is not expressed in closed-form.
d+ex?
dx
Jx (a+bx®+cx®)

Optimal (type 3, 78leaves, 7 steps):

(bd-2ae) Ar‘cTanh[M
b 4ac dlog[x] dlogla+bx3+cx°]
N _

3avb?-4ac a 6a
Result (type 7, 80 leaves):

bdlog[x-fl]-aelog[x-H1l]+cdLlog[x-H1] {13
RootSum|a + b =13 + c #1° & &
d Log[x] [ ? b+2 c 113 }

a 3a

Problem 13: Result is not expressed in closed-form.
d+ex?
dx
Jx“ (a+bx®+cx?)

Optimal (type 3, 112leaves, 7 steps):

(b?’d-2acd-abe) ArcTanh[M]
d \/b%-4ac

3ax? 3a2+/b2-4ac

(bd-ae) Log[x] (bd-ae)Logla+bx®+cx?|
+

a2 6 a2

Result (type 7, 130leaves):
d (-bd+ae) Log[x] 1
L

+

3ax? a2 3a?
1
RootSum|a + b 1% + c#1° &, ————— (b*d Log[x -#1] ~acd Log[x - #1] -
b+2cn13

abelog[x-n1] +bcdLlog[x-1] #1%-acelog[x-#1] #1%) &
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Problem 14: Result is not expressed in closed-form.

x4 (d +e x3)

J 7 ax
a+bx3+cx®

Optimal (type 3, 723 leaves, 14 steps):

2213 13 x

1- /3
lbf\/b274ac 1/

el
243 &3 [b- b2 4ac )"’

p2
(cd—be— bed-b-es2ace e*z‘”eJ ArcTan |
b?-4ac

2 21/3 134
P e

13
{b+\/ b?-4ac J

[cd—be+ w] ArcTan| —————]
\/3

\/b*-4ac

22/3 /3 ¢5/3 (b+x/b2—4ac )1/3

[cdbe bcd-b’e+2ace
b’-4ac

Log[(b—\/b2—4ac )1/3+21/3 c1/3x]

3. 22/3¢5/3 (b—\/b2—4ac )1/3

[cdbe+ bcd-b*e+2ace
b>-4ac

Log[(b+x/b274ac )1/3+21/3 /3 x|

bcd-b%2e+2ace
+||lcd-be-

327333 (b+\/b274ac)1/3 Vb%-4ac

1/3
~/ b2 4ac) - 21/3 /3 (b \/ b 4ac) x +2%/3 23 x?|

Log|[ |b-

1/3 bcd-b%?e+2ace
[6 22/3c5/3[b— b? 4ac ([cd be+ *
Vb%2-4ac

1/3
b ++/b? 4ac) — 213 ¢1/3 (b+«/ 4acJ x+22/3c2/3x2]
1/3
[6 22/3 (5/3 [b+ ’b2—4ac) )

Result (type 7, 88 leaves):
1

6cC

Log [

/

aelog[x-fl] -cdLog[x-t1] #13+beLog[x -f1] #13
3ex? - 2RootSum|a +bu1® + c11® &, gl ] gl ] gl ] ]
bl +2cn1?

Problem 15: Result is not expressed in closed-form.

jX3 <d+ex3) 4
———dx

a+bx3+cx®
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Optimal (type 3, 718 leaves, 14 steps):

2 21/3¢1/3 ¢

1-

b-\/ b2-4ac .
(cd—be—"Cdbze*z“e]Ar*cTan[—L ]

ex b>-4ac V3

¢ 21/3 /3 c4/3 (b—\/b2—4ac)2/3

2 21/3c1/3x

1-

_h2
[cd_be+ M] ArcTan|
b’>-4ac

[ 11/3
{b+\/ b?-4ac ‘

V3

21/3 /3 ¢4/3 (b+x/b2—4ac )2/3

{cdbe bcd-b’e+2ace
b’-4ac

Log[(b—\/b2—4ac )1/3+21/3 c1/3x]

3. 21/3 43 (b—\/b2—4ac )2/3

[cdbe+ bcd-b*e+2ace
b>-4ac

Log[(b+\/b274ac )1/3+21/3 /3 x|

bcd-b%2e+2ace
-||lcd-be-

3. 21/3 43 (b+\/b274ac)2/3 Vb2 -4ac

2/ 1/3
~/ b? 4ac) _21/3 c1/3 (b A/ b 4ac) x +2%/3 23 x?|

2/3 bcd-b%?e+2ace
{6 21/3c4/3[b— b? 4ac ([cd be+ *
VbZ-4ac

2/ 1/3
b ++/b? 4ac) 23 ¢ 1/3(b+«/ 4acJ x+22/3c2/3x2]
2/3
[6 21/3 (4/3 [b+ ’b2—4ac) )

Result (type 7, 88 leaves):

Log|[ |b -

/

Log [

/

RootSum [a +ba13+c 16 &, 2e Log[x-H1]-cdLlog[x-##1] #13+be Log[x-11] 113 &]
ex ’ br12+2 c #1°

C ENe

Problem 16: Result is not expressed in closed-form.

Jx (d+ex?) ix

a+bx3+cx®

Optimal (type 3, 634 leaves, 13 steps):
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2 21/3 ¢1/3

( — 1/3
[bw b2-4ac

2 21/3 ¢1/3

P -

2cd-b [pforasc | 2cd-b
g) ArcTan| — ] e- 4) ArcTan| —————|
V3 \/b*-4ac V3

22/3 /3 ¢2/3 (b—\/b274ac )1/3 22/3 /3 ¢2/3 (b+\/b274ac )1/3

e +

b?-4ac

e, _2cdbe ) Log[(b—\/m)lﬂJ,zl”cl”x]

b’-4ac

3.22/3¢23 (b—\/b2—4ac )1/3
e -2cd-be ) Log[(b+\/m)l/3+21/3 /3 x|
\b*-4ac .

3. 22/3 ¢2/3 (b+ b2-4ac )1/3
2cd-be

N rrs b_m)2/3_21/3 13 (b_m)1/3x+22/3 23 2]
[6 22/3 c2/3 [bm)l/B) )

( % b+m)2/3721/3 ct? (bJr\/mJl/BerzZB c2/3 Xz]
{6 22/3 (2/3 [b+m)1/3)

Result (type 7, 59 leaves):

/

e+ Log|

/

Log|

e —

dlog[x-11] +elog[x-n1] =13 &]

1 3 6
= RootSum|a +bn1®+ c#1° &,
3 bl +2cul?

Problem 17: Result is not expressed in closed-form.

d+ex3
— dx
a+bx3+cx®

Optimal (type 3, 634 leaves, 13 steps):
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221/3¢1/34
(3

[bw b2-4ac
e -2cdbe ) ArcTan| ————]

\/b%*-4ac V3
21/3 /3 (1/3 (b—\/b274ac )2/3 21/3 /3 c1/3 (b+\/b274ac )2/3

2 21/3 ¢1/3

P -

2cd-be ) Ar‘cTan[gj—{b fosec |7 ]

e +
V3

b?-4ac

e, _2cdbe ) Log[(b—\/m)lﬂJ,zl”cl”x]

b’-4ac

+

3. 21/3 c1/3 (b—\/b2—4ac )2/3

e -2cd-be ) Log[(b+\/m)l/3+21/3 /3 x|
\/b%-4ac

)2/3

3. 21/3 ¢1/3 (b+ b2-4ac
2cd-be

N rrs b_m)2/3_21/3 13 (b_m)1/3x+22/3 23 2]
[6 21/3 (1/3 [bm)za) )

( % b+m)2/3721/3 ct? (bJr\/mJl/BerzZB c2/3 Xz]
{6 21/3 173 [b+m)2/3)

Result (type 7, 61leaves):

/

e+ Log|

/

Log|

e —

dlog[x-11] +elog[x-n1] =13 &]

1 3 6
= RootSum|a +bn1®+ c#1° &,
3 bx1%+2cn1®

Problem 18: Result is not expressed in closed-form.
d+ex?
dx
sz (a+bx3+cx®)

Optimal (type 3, 653 leaves, 14 steps):
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2 21/3 13 2 21/3 13

1o 2ETelx 1-

b b24ac v [bi/b2-aac v
cl/3 (d . MJ Ar‘cTan[‘—}] cl/3 [d _ M) Ar‘cTan[ ‘ }
b%-4ac V3 Jb*aac V3

-+ + +

ax 233 ab-or aac )’ 2223/3 a b+b?-4ac )’

c1/3 (d 4 bd-2ae
b’-4ac

Log[(b—\/b2—4ac )1/3+21/3 /3 x|

3.2%/33 (b—\/b2—4ac )1/3

c1/3 (d ~ _bd-2ae
b?-4ac

b+vVb%2-4ac )1/3+21/3C1/3X}

Log |

3 223, (mm)”

bd-2ae 2/3 1/3
(c1/3 {d+ b—x/b2—4ac] - 21/3 /3 (b—x/b2—4ac) X+ 223 c?3 x? |

VvbZ-4ac
1/3
[6 22/3 3 (bfx/b274ac] ]7
bd-2 2/3 1/3
(c1/3 [diae b+xlb2—4ac] — /3 /3 (b+xlb2—4ac) X +2%/3 c2/3 x?]|
Vb%2-4ac

1/3
{6 22/3 3 (b+\/b2—4ac] ]

Result (type 7, 85leaves):

/

Log|

Log |

/

_ _ _ _ 3
d RootSum[a +b H13 i c Hls &) bdLog[x-fil]-aelog[x-Hl]+cdLog[x-11] #1 &]
brl+2 c 1t

ax 3a

Problem 19: Result is not expressed in closed-form.
d+ex?
dx
Jx3 (a+bx3+cx®)

Optimal (type 3, 655leaves, 14 steps):
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2213 ¢1/3 % 2213 c1/3x

1-— o B
\Vb2aac v /b2aac |2
c2/3 [d 4 Dd-2ae J Ar‘cTan[—[b #xe] | e (d _ bd-2ae ] ArcTan | Gl ]
d b2-4ac V3 b?2-4ac V3
_ N + _
2ax? 21/3\/Ba(b—\/b2743c)2/3 21/3\/3a(b+\/b2—4ac)2/3

c2/3 [d 4 bd-2ae
b’-4ac

Log[(b—\/b2—4ac )1/3+21/3 /3 x|

321334 (b—\/b2—4ac )2/3

c2/3 (d ~ _bd-2ae
b?-4ac

Log[(b+\/b274ac )1/3+21/3 /3 x|

3 213, (mm)“

bd-2ae 2/3 1/3
(c2/3 {d+ b—x/b2—4ac] - 21/3 /3 (b—x/b2—4ac) X+ 223 c?3 x? |

VvbZ-4ac
2/3
[6 213 3 (bfx/b274ac] ]+
bd_2ae 2/3 1/3
(CZB [di b+xlb2—4ac] 213 13 (b+xlb2—4ac) x+22/3c2/3x2}
Vb2-4ac

2/3
{6 213 3 (b+\/b2—4ac] ]

Result (type 7, 89leaves):

Log|

/

Log |

/

_ _ _ _ 3
d RootSum [a +b 1:t13 ic Hls &, bdLog[x-fl]-aelog[x-Hl]+cdLlog[x-Hl] #1 &}
b 1242 c {1®

2ax? 3a

Problem 23: Result is not expressed in closed-form.
1-x3
—— dXx
Jx (1-x3+x5)
Optimal (type 3, 41leaves, 7 steps):

ArcTan| ﬁ}

343
Result (type 7, 44 leaves):

1
+Log[x] - ~ Log[1-x*+x°]
6

1 3 6 Log[x - #1] #13
Log[x] - — RootSum|[1-#1%+ 71 &, — &
3 -1+2113

Problem 24: Result is not expressed in closed-form.

1-x3
J—dlx
x4 (1—x3+x5)

| 7
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Optimal (type 3, 31leaves, 5steps):

;  2ArcTan [ —1g‘3 ]

- +

3 %3 3 \/?
Result (type 7, 45leaves):
1 1 Log[x - #1
- —— - ~RootSum|[1 - 1113 + 11° &, toglx=nll ¢
3x3 3 -1+2m13

Problem 25: Result is not expressed in closed-form.

X6 (1-%3)

J T gk
1-x3+x8

Optimal (type 3, 418 leaves, 15 steps):

1+27x‘ 1+ 2x
x4 (Ji+\/?) Ar‘cTan[—{—;“1W3H } 0

Xt G (Jl—\/?)Ar‘cTan[——ﬁ——]Jr
4

3. 21/3 (1_1\/?)2/3 + L i (1+jﬁ)2/3

(3+3v3 ) tog[(1-iv3 )7 -212x] (3213 Log[(1+1 /3 ) - 2v2x]
9 21/3 (1_].1\/?>2/3 g o1/3 (1+j\/?)2/3
(3+13 ) Log[(1-1v3 )74 (2 (1-1V3 )] xs 222 )
18  21/3 (1711\/?)2/3
(3-1+3) Log[(1+i\/?)2/3+(2(1+1ﬁ))”3x+22/3x2}
18  21/3 (1+jﬁ)2/3

Result (type 7, 47 leaves):

x4 1 3 6
- =+ = RootSum|1 - 11 + n1° &,
4 3

Log[x - 11] 1

8]

-1+2a13

Problem 26: Result is not expressed in closed-form.

Jx“ (1-x3) ix

1-x3+x8

Optimal (type 3, 382leaves, 15steps):
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o L2
HEN 2 [hw?]j“

» iArcTan[— ] iArcTan| —"———] jlog[(1-1i+/3 )" -2ty
x /5 /5

- — 4 — + —

2 S ) s ees))T e (2 peevs))

2x

1+ 1

itog[ (1433 )" -22x] itog[(1-13 )74 (2(1-1v3])) P xs 223
373 (3 (14893 )" 32893 (1-143 )"
itog[ (1+1+3 )7+ (2 (1143 )) P xr 2222

3 22/3./3 (1+i\/?)1/3

Result (type 7, 48 leaves):
2 _
S RootSum|1 - =13 + #1° &, Loglx- =)

&]
2 3 -1+ 2114

Problem 27: Result is not expressed in closed-form.
Jx3 (1-x3) i
1-x3+x8

Optimal (type 3, 378 leaves, 14 steps):

2x 2x

1+ﬁ 1+ﬁ
jArcTan[J;[L%L] i ArcTan | 2‘23” ] iLog[(l—i\/?)IB—zl”x}

CaA)? e e (HaeE))
itog[ (1+4+3 )7 -212x] itog[(1-iV3) 4 (2(1-1v3 ) xs 222
3v3 (L (1+iv3))7 321243 (1-143 )7
iLog[(1+ﬂ\/?)2/3+(2(1+jﬁ))1/3x+22/3x2}

32343 (14037

+

Result (type 7, 46 leaves):
Log[x - H1] &]

1 3 6
-x + — RootSum[1 - #1* + #1° &,
3 -n1% 4+ 2u11°

Problem 28: Result is not expressed in closed-form.

Jx (1-x3) x

1-x3+x8

Optimal (type 3, 411 leaves, 13 steps):
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[i-v3) AT[—ﬁL} (i) Amanfilig?,”}
3220 (1-i/3 )7 3 223 (14447 ) "
P L T RN N
- +
o 227 (1-i+3 )" 9 227 (1413 "7

(3-1V3) Log[(1-i\/?)2/3+ 2 (1-1%?))”3“22/3)(2}
18 222 (1-1+3 )"
(3+J'l\/?) Log[(1+i\/?)2/3+ (2 (1+]'].\/?>)1/3X+22/3X2}

18 2273 (1+11\/?)1/3

+

Result (type 7, 55leaves):
-Log[x-H1] + Log[x -ul1] =13

1 3 6
- = RootSum|1 - #1® + n1° &,
3 -1+ 2114

8]

Problem 29: Result is not expressed in closed-form.
1-x3
Ji dx
1-x3+x8

Optimal (type 3, 411 leaves, 13 steps):

2x 2x

1+ 1+

(13 ) arctan[ 2200 (s ) averan 0L
_ 3 21/3 (1_]1\/?)2/3 3 91/3 (1+j1\/?)2/3 -

(3-13 ) Log[(1-iV3 )7 -22x]  (3+1+3 ) Log[(1+i /3 )" -213]
9 2\ (1—11\/?)2/3 9 213 (1”-1\/?)2/3
(3-13 ) Log[(1-iV3 )7+ 2 (1-1 3] xs 222
18  21/3 (1-11\/?)2/3
(3013 ) rog[ (1433 )" 4 (2 (1483 )) xs 2225
18  21/3 (1+jﬁ)2/3

+

+

Result (type 7, 57 leaves):
-Log[x-H1] +Log[x -nl] =13

1 3 6
-~ RootSum|1 - 113 + =1° &,

&]
3 -f1% +211°
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Problem 30: Result is not expressed in closed-form.
1-x3
——dx
sz (1-x3+x°)

Optimal (type 3, 416 leaves, 14 steps):

2x 2x
Iy 1+

717 (11+\/?) Ar‘cTan[%} . (117\/?) ArcTan[%] 7

x 3 2/3 (1 \/?)1/3 3 223 (1”1\/?)1/3

(3+13 | Log[(1-1V3)"7-212x]  (3-i+3 ) Log[(1+1v3 |77 -2v2x]
9 2283 (1—15)”3 9 22/3 (1+jﬁ)1/3
(3+11\E) Log[(l—jﬁ)zﬂJr(2(1,]1\/?))1/3x+22/3xz]
18  22/3 (171\/?)1/3
(3—1‘1\5) Log[(1+j\5)2/3+(2(1+j\/?))1/3x+22/3xz]
18 223 (1+jﬁ)”3

+

Result (type 7, 47 leaves):

1 1 Log[x - 1] #12
-~ - =~ RootSum[1-#1%+ =1° &, Loglx -] #17
x 3 -1+2n13

§]
Problem 31: Result is not expressed in closed-form.
1-x3
—— dXx
sz’ (1-x3+x°)

Optimal (type 3, 418 leaves, 15 steps):
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2x 2x

14— 14—
. \/_ ﬁ ‘/14‘1 V’?Hm ) \/_ ‘i \‘\'1”‘1\‘@\”1’/3
1 (1+ 3)ArcTan[ S ] ) (1— 3)Ar‘cTan[ ] )
2x? 3 21/3(1fjﬁ)2/3 3 Q13 (1+]1ﬁ)2/3

(3+33 ) Log[(1-iV3 )7 -23x]  (3-4+/3 ) Log[(1+i V3 )" -213x]
9 212 (1-3+3 )" o 213 (14143
(3+3v3 ) Log[(1-iV3 )74 2 (1-1v3 ) xs 2222
18 2173 (1-1#?)2/3
(3-1v3 ) Log[(1+iV3 )74 2 (1413 )] x 2222
18 2173 (1+11\/?)2/3

+

+

Result (type 7, 47 leaves):
1 1 Log[x - #1] #1
- —— - = RootSum |1 - 113 + 11° &, Logix-=1] 71
2x2 3 -1+2n13

8]

Problem 33: Result is not expressed in closed-form.
1+x3
j— dx
X (1-x3+x5)
Optimal (type 3, 39leaves, 7 steps):

Ar‘cTan[—l’ZXB] 1
P log[x] -~ Log[1-x® +x°|
6

V3
Result (type 7, 55leaves):

— _ _ 3
Log[x] - 1 RootSum[1 - #1° + #1° &, 2Loglx - #1] +Log[x - #l] #l &]
3 -1+2m13
Problem 34: Result is not expressed in closed-form.
1+x3
Ji dx
X - x*+x7
Optimal (type 3, 39 leaves, 8 steps):
ArcTan | —1'2"3] 1
— P L log[x] - = Log[1-x®+x°|
V3 6
Result (type 7, 55leaves):
— _ _ 3
Log[X] - 1 RootSum|1 - =13 + #1° &, 2Log[x -7l +Loglx - #l] ©#1 &]

3 -1+2013
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Problem 35: Result unnecessarily involves imaginary or complex numbers.

J(d+ex3)5/2 <a+bx3+cx6) dx

Optimal (type 4, 396 leaves, 6 steps):
54d? (16cd?-58bde+667ae?) x/d+ex’ 30d(16cd*-58bde+667ae?) x (d+ex3)??

+ +

124729 e? 124729 e2
2 (16cd2—58bde+667ae2) X (d+ex3)5/2 2 (8cd—29be) X (d+ex3>7/2
- +

11339 e? 667 e2

2cx* (d+ex3)7/2

+ |54 33442.4/3 d3 (16 cd*-58bde+667ae?) (d¥/3+e'/?x)

29 e

2/3 _ 41/3 a1/3 2/3 2 1-+/3 ) d¥/3+el/3x

d dfe X el x EllipticF[ArcSin| ) ],7774\/?}/
((1+\E)d1/3+e1/3x)2 (1+\/?)d1/3+e1/3x

d1/3 d1/3 1/3
124729 e7/3 ( e X> ; AJd+ex?
((1+\/?) d1/3+e1/3x)

Result (type 4, 279 leaves):

- ! 2| (-e)t? (d+ex?)

124729 (~e)7/3/d+ e x3

(d* (648 cd*-29e (81bd+1219ae)) x-de (405cd®>+29e (487bd+851ae)) x* -
11 e? (781cd2+29e (49bd+23ae))x7—187e3 (61cd+29be) x1°-4301ce4x13) -

_e) 1/3 X
di/3 ]

271 3%*%d"®3 (16 cd®+29e (-2bd+23ae)) \/ (-1)%° (-1+ (

J (71)5/6 _i(-e)¥3x
_ ey 1/3 _e)2/3 y2 1/3
\/1+ TR s EllipticF[ArcSin| e - ], (-1)*2]

d1/3 d2/3

Problem 36: Result unnecessarily involves imaginary or complex numbers.

J(d+ex3)3/2 <a+bx3+cx6) dx

Optimal (type 4, 356 leaves, 5 steps):
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18d (16cd?-46bde+391ae?) xVd+ex?

21505 e?
2 (16cd2—46bde+391ae2) X (d+ex3)3/2 2 (8cd—23be> X (d+ex3>5/2

- +

4301 e? 391 e?

+

2cx* (d+ex3)5/2

+ 18 33/44/2+4/3 d? (16cd*-46bde+391ae?) (d¥/3+e'?x)

23 e

2/3 _ 41/3 a1/3 2/3 2 1-+/3 ) d¥/3+el/3x

d die X et x EllipticF[ArcSin| ) ],7774\/?}/
((1+\E)d1/3+e1/3x)2 (1+\/?)d1/3+e1/3x

d1/3 (d1/3+e1/3 X)
21 7/3 3
505 e " A/ d+ex

((14—\/?) d1/3+e1/3x)

Result (type 4, 249 leaves):
1

21505 (-e)7/3+/d+ex3

2 |(-e)*? (d+ex?) (d (216cd*-23e (27bd+238ae)) x-5e (27cd*+23e (26bd+17ae)) x* -

55 @2 (26cd+23be) x7—935ce3x1°) -

<7e)1/3x

9i3%%d”/? (16cd*+23e (-2bd+17ae)) [ (-1)%° [1+
d1/3

d1/3

(7e)1/3x (7e)2/3x2
e I

1+ s = EllipticF [ArcSin|
d d

\/_ (_1)5/6 _i(e)¥3x

Problem 37: Result unnecessarily involves imaginary or complex numbers.
Jxld+ex3 (a+bx®+cx®)dx

Optimal (type 4, 316 leaves, 4 steps):
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2 (16cd?-34bde+187ae?) x\/d+ex®> 2 (8cd-17be)x (d+ex3)3/2
- +

935 e? 187 2

2c x4 (d+ex3)3/2

+ 2 33%/4 2+\/?d(16cd2—34bde+187ae2) (d?/3 + e?/3 x)

17 e

2/3 _ 41/3 a1/3 2/3 2 1-+/3 ) d¥3;el/3x

A e X X EllipticF[ArcSin[( ) ],_7-4\/?}/
((1+\/?) d1/3’+e1/3’x)2 (1+\/?) d/3 + el/3 x

935 e7/3 d1/3 (d1/3+e1/3x> *d +eX3

((1+ﬁ> d1/3+e1/3x)2

Result (type 4, 219leaves):

-[|2](-e)"?x (d+ex?) (-17e (3bd+1lae+5bex?) +c (24d*-15dex’ - 55e*x®) ) - i 3%/4d*/?

—e)1/3x

oy 1/3 a12/3 2
(16cd?+17e (-2bd+1lae)) (1)5/6[1+< (ze) " x  {me) X

+
d1/3 d2/3

d1/3

\/ (71)5/6 _i(-e)¥3x

1/3
‘ 1, (-1)*7] /(935 (-e)73/d+ex?

EllipticF [Ar‘cSin [

31/4

Problem 38: Result unnecessarily involves imaginary or complex numbers.

a+bx3+cx®
Jidlx
Vd+ex3

Optimal (type 4, 278 leaves, 3 steps):
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2(8cd—11be)xx/d+ex3 2cx*Vd+ex?

- + +

55 e? 1le

2~/2+4/3 (16cd?-22bde+55ae?) (d'/?+e'?x)

d2/3 _ d1/3 e1/3 y 4 @2/3 y2 o . (1—\/3 ) di/3 4+ el/3 x
EllipticF [Ar‘cSm[

((1+\/?) d1/3+e1/3x)2 (1+\/?) d1/3 1 el/3 x

|, -7-4v3]|/

dl/3 (d1/3 4 el/3 x
55 . 31/4 g7/3 ( ) AJd+ex3

((1+\/?) d1/3+el/3x)2

Result (type 4, 194 leaves):
2vd+ex’ (-8cdx+1lbex+5cex?)

55 e?

+

_e)l/3x (—e)3x  (—e)2/3x?

2id? (16cd?®+11e (-2bd+5ae)) | (-1)°° [1+ (

+
d1/3 d1/3 d2/3

J (71)5/6 _i(-e)¥3x

1/3
d ]’ (71>1/3] /(55 314 (_a)7/3 /d+ex3)

EllipticF [Ar‘cSin[ Ta
3

Problem 39: Result unnecessarily involves imaginary or complex numbers.

a+bx3+cx®
Jicﬂx
<d+ex3‘)3/2

Optimal (type 4, 289 leaves, 3 steps):
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2 (cd*-bde+ae?)x 2cxd+ex?
3de2+/d+ex3 5e?

d2/3 _ d1/3 e1/3 X + e2/3 XZ

((1+\/?) di/3 4+ el/3 x 2

2~/2+4/3 (16cd2—5e(2bd+ae))(d1/3+e1/3x)

(1_\/?) di/3 4 el/3

(1+\E) di/3 4 el3x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

15 31/4de7/3 d1/3 (d1/3+e1/3 X) d+ex3
(173 @ iex)?

Result (type 4, 197 leaves):

2|13 (-e)*?x (5e(-bd+ae)+cd (8d+3ex’)) -

_ay1/3
13¥4d¥3 (16cd’-5e (2bd+ae))\/(—1)5/6 (_1+(e>x

d1/3

1. (_e)1/3X+ (—e)2/3X2
d1/3 d2/3
\/_ (_1)5/6 _i(e)¥x

1/3
‘ |, (-1)*?] /(45d(—e)7/3x1d+ex3

EllipticF[ArcSin|

31/4

Problem 40: Result unnecessarily involves imaginary or complex numbers.

a+bx3+cx®
Jicﬂx
<d+ex3)5/2

Optimal (type 4, 309 leaves, 3 steps):
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2 (cd*-bde+ae?)x 2(llcd?’-2bde-7ae?)x

9de? (d+ex3)3/2 27d2e2+/d+ex?

+

2~/2+4/3 (16cd*+e (2bd+7ae)) (d*3+e'?x)

d2/3 _ d1/3 e1/3 y 4 @2/3 y2 o ' (1—x/3 ) dl/3 + el/3 x
EllipticF [ArcSin|

((1+\/?) d1/3+e1/3x)2 (1+\/?) d1/3 1 el/3 x

|, -7-av3]]/

di/3 (di/3 + el/3 x
27 344 d*e’? ( ) \Jd+ex®

(1473 ) @2 e x)?

Result (type 4, 224 leaves):

213 (-e)?3x (-cd® (8d+11ex’) +e (-bd (d-2ex’) +ae (186d+7exX’))) +

(_e>1/3x

d1/3

13%4d'3 (16cd’+e (2bd+7ae)) J (_1)-”/6 (_1+

d1/3 d2/3

ey 1/3 ey 2/3 42
\/1+ (-e) X+( e X (d+ex3>

\/_ (_1)5/6_ i(e)3x

d1/3

EllipticF[ArcSin|

L (][] (e e (g

31/4

Problem 41: Result unnecessarily involves imaginary or complex numbers.

a+bx3+cx®
J—dlx
<d+ex3)7/2

Optimal (type 4, 349 leaves, 4 steps):
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2 (cd*-bde+ae?)x 2(17cd?’-2bde-13ae?) x

- +

15 d e? (d+ex3)5/2 135 d2 e2 (d+ex3)3/2

2 (16cd2+14bde+91ae2) X

+12/2+/3 (16cd*+14bde+91ae?) (d/3+e*3x)

405d3e?/d+ex?

2/3 _ 41/3 a1/3 2/3 2 1--/3 ) d¥/34el/3x

d d e "xrelix EllipticF[ArcSin[( ) ],-7-4ﬁ}/
((1+\/?)d1/3+e1/3x)2 (1+\/?)d1/3+e1/3x

d1/3 d1/3 + e1/3 X
405 31/4 d3 e7/3 ( ) ld re X3

([1673) @2 4o x)?

Result (type 4, 262 leaves):
1

1215d3 (-e)7/3 (d+ex?)*?
2|3 (-e)t3x (27d2 (cd®>+e (-bd+ae))-3d(17cd’-e (2bd+13ae)) (d+ex?) +

(16cd*+7e (2bd+13ae)) (d+ex3)2) +i3¥4d? (16cd*+7e (2bd+13ae))

(d+ex3)2

+
d1/3 d2/3

7e)1/3x 1. (*e)1/3X (*e)Z/BXZ
di/3

(-1)%° [1+ (

\/ <—1>5/6 i (:jel/)alﬁx

EllipticF[ArcSin| 1, (-1)*?]

31/4

Problem 42: Result unnecessarily involves imaginary or complex numbers.

a+bx®+cx°®
J4d1x
<d+ex3)9/2

Optimal (type 4, 389leaves, 5 steps):

| 19



20 | Mathematica 11.3 Integration Test Results for 1.2.3.4 (f x)™"m (d+e x~n)~q (a+b x~n+c x~(2 n))~p.nb

2 (cd*-bde+ae?)x 2(23cd?’-2bde-19ae?) x
- +

21de? (d+ex3)7/2 315 d? e? (d+ex3)5/2
2 (16cd?’+26bde+247ae?) x 2 (16cd*+26bde+247ae?) x

.
2835 d3 e2 (d+ex3)3/2 1215d4e2+/d + e x3

+

d2/3 _ d1/3 e1/3 X + e2/3 X2

((1+\/?) d1/3 4 e1/3 |2

2+/2++/3 (16cd*+26bde+ 247 ae?) (d1/3+e1/3x)\l

(17\5) dl/3 4 el/3 x

(1+\/?) d/3 +el/3 x

EllipticF [ArcSin|

J,-7-av3]]/

d1/3 d1/3+e1/3x
1215  3Y/4 g4 e7/3 ( ) \Jd+ex?

((1+\/?) d1/3+e1/3x)2

Result (type 4, 296 leaves):
1

25515d* (-e)7/3 (d+ex?)”/?
23 (-e)t3x (405d3 (cd*+e(-bd+ae))-27d* (23cd*-e (2bd+19ae)) (d+ex?) +

3d (16cd2+13e (2bd+19ae)) (d+ex3)2+7 (16cd2+13e (2bd+19ae)) <d+ex3)3) +

<7e>1/3x

d1/3

7i3%%d"3 (16cd*+13e (2bd+19ae)) J (-1)°° [1+

_ay1/3 _ay2/3y2
\/1+< e) X+< e) X (d+ex3)3

di/3 d2/3

\/_ <_1> 5/6 i {—del/:/“x

EllipticF [ArcSin| 1, (-1)*73]

31/4

Problem 43: Result is not expressed in closed-form.

dx

Jx“ (d+ex*)

a+bx*+cx8

Optimal (type 3, 433 leaves, 8steps):
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_p2 1/4 -1/4
cd_be+bcdbe+2ace Ar‘cTan[ 2Y/% /% x ]
b2-4ac e

. J o foanc |
c 2 214t (b bTdac |

2 1/4 ~1/4
[cd_be_bcdb e+Zace]Ar\cTan{ 2Y/% Yt x 1/4]
/

\b*-4ac [—b+xlb2—43c
3/4
2 21/4 5/4 (7b+\/m)

_p? 1/4 1/4
[Cdbe+bcdbe+2aceJAr‘cTanh[ 2Y/% /"t x 1/4}
-/

b2-4ac &bﬂ/ﬁ)
2 21/A 54 (—b—\/b2—4ac )3/4

2 1/4 (1/4
[cd—be— bcd-b e+2ace] Ar‘cTanh[ 2Y/% M x 1/’4}

\/b?-4ac [—b+«/b2—4ac )
R I T

Result (type 7, 88leaves):

RootSum [a +bm14 + c18 &, 2¢€ Log[x-H1]-cdLog[x-H1] #1%+b e Log[x-H1] H#1* &]
’ br13:+2 cu1’

eXx

C 4c

Problem 45: Result is not expressed in closed-form.

dx

sz (d+ex*)

a+bx*+cx8

Optimal (type 3, 375leaves, 7 steps):

_ 1/4 ~1/4 _ 1/4 1/4
e_ 2cd-be ]Ar‘cTan[ 2Y/% /% x : ] e 2cd-be JAr‘cTan[ 27/ % ¢/t x / ]
1/4 1/4

\b*-4ac (*b*\/ b274ac] \b*-4ac [7b+x/b274ac)
+
2 23/“c3/4(—b—\/b2—4ac)1/4 2 23/4c3/4(—b+\/b2—4ac)1/4

_ 1/4 1/4
e -2cdbe )Ar‘cTanh[2 .

resbe I e P )
b’>-4ac [—b—\/ b2-4ac ] ! b>-4ac [—b+w/b2—4ac '

2 23/4 c3/4 (—b—\/b2—4ac )1/4 2 23/4c3/4 (—b+\/b2—4ac )1/4

Result (type 7, 59 leaves):
dlog[x-#1] +elog[x-#1] 714

1 4 8
= RootSum|a + bnl* + c11® &,
4 bel+2cnl®

8]
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Problem 47: Result is not expressed in closed-form.
d+ex?
J —SrfX ax
a+bx*+cx®
Optimal (type 3, 375leaves, 7 steps):

_ 1/4 1/4 _ 1/4 _1/a
e_ 2cd-be JAr‘cTan[ 2% /% x 1/4} [e+ 2cd-be )Ar‘cTan[ 2% /% x - }
)/ /

\/m [—b—xl b2-4ac Jb*-4ac [—b+w/ b2-4ac
N 3/4 - 3/4 N
2 21/4c1/4(—b—\/b2—4ac) 2 21/4 cl/4 (—b+\/b2—4ac)
/4 1/ /a 1)
[e— —2cd-be ) ArcTanh | — 22— 1/,4] [e+ —2cd-be ] ArcTanh [ — 22X =
\/m [—b—x/bz—zlac J \b*-4ac [—b+xlb2—4ac
3/4 N 3/4
2 2l/4 cl/4 (7b7\/b274ac) 2 21/4c1/4(7b+\/b274ac)

Result (type 7, 61leaves):

1 dLog[x-11] + e Log[x - #1] 14
= RootSum[a + b 1% + ¢ #1° &, gl ] rebogl ]

4 b#i13+2cH1’

§]
Problem 48: Result is not expressed in closed-form.
d+ex?
dx
Jx (a+bx*+cx?)

Optimal (type 3, 78 leaves, 7 steps):

(bd-2ae) ArcTanh[M
\b*aac dLog[x] dLOg[a+bX4+CX8}
. _

4a~/b?2-4ac a 8a
Result (type 7, 80leaves):

4 8 bdLog[x-Hl]-aelog[x-H1]+cdLog[x-x1] 114
dlog[x] Rootsum [a+bul®+ cul® g, ey &

a 4a
Problem 49: Result is not expressed in closed-form.
d+ex?
dx
sz (a+bx*+cx®)

Optimal (type 3, 392 leaves, 8 steps):
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_ 1/4 1/4 _ 1/4 -1/4
cl/4 (d— bd-2ae_ ] ArcTan|[ —2—S—2X—1] cV/4 [d+ —bd-2ae )Ar‘c:Tan[2 X

) Joiasc o firaac | b aac ofvaac z

-— - - +

ax 2 23/4a(—b—\/b2—4ac)1/4 2 23‘/4a(—b+\/b2—4ac)1/4

1/4

_ 1/4 c1/4 _ 1/4 1
c1/4 (d— bd-2ae ]Ar‘cTanh[ 2% /% x 1/4] C1/4 [d+ bd-2ae )Ar‘cTanh[ 214 /4 x 1/4]
/ /

b>-dac [—b—\/b2—4ac b’-4ac [—b+x/b2—4ac
+
1/4 1/4
2 23/4a(7b—\/b2—4ac) 2 23/4a(—b+\/b2—4ac>

Result (type 7, 85leaves):

_ _ _ _ 4
d RootSum [a +b H14 icC ng &, bdLog[x-fil]-aelog[x-Hl]+cdLog[x-H1] #1 &]
brl+2 cnl®

ax 4a

Problem 50: Result is not expressed in closed-form.
d+ex?
J dx
X3 (a+bx*+cx®)
Optimal (type 3, 199 leaves, 5 steps):

\E[d+—bdzae ]Ar‘cTan[ 2 vex | W[d—bdzae )Ar‘cTan[ 2 vex |
b?-4ac i/ b*-4ac b+m

d b-+/b%-4ac
_ - - _
2ax 2+/2 ay/b-+/b*-4ac 2+/2 ay/b++/b2-4ac
Result (type 7, 89leaves):

_ _ = . 4
d RootSum [a +b 1114 icC ng &, bdLog[x-fdl]-aelog[x-Hl]+cdLlog[x-0l] #1 &}
b 1242 c {18

2ax? 4a
Problem 51: Result is not expressed in closed-form.
d+ex?
dx
Jx“ (a+bx*+cx?)

Optimal (type 3, 394 leaves, 8steps):

_ 1/4 (1/4 _ 1/4 1/4
c3/4 {d bd-2ae J Ar‘cTan[ 2Y/% M/t x 1/4} c3/4 (d+ bd-2ae ] Ar‘cTan[ 214 Y4 x 1/4]

"/ /
d \Jb?-4ac [—b—w/bz—Aac ] b’-4ac (—b+ b>-4ac ]

- + + +

3 3/4 3/4
3ax 2 21/4a(—b—\/b2—4ac) 2 21/4a(—b+\/b2—4ac)/

_ 1/4 -1/4 _ 1/4 -1/4
c3/4 (d _ _bd-2ae ] Ar‘cTanh[ 2Y/% /% x 1/“] C3/4 [d i bd-2ae J Ar‘cTanh[ 214 /4 x 1/4]
/ /

[ b*-4ac [fb—\/bz—4ac b’>-4ac [—b+ b2—4ac]
+
3/4 3/4
2 21/4a(—b—\/b2—4ac) 2 21/4a(—b+\/b2—4ac)

Result (type 7, 86 leaves):
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1

12 a

4d bdLog[x-H1] —aelog[x-t1l] +cdLog[x-#1] #1*
—— +3RootSum[a+b 1%+ c 118 &, gl ] gl 1+ gl ]

x3

8]

br1®+2cnl’?
Problem 52: Result is not expressed in closed-form.
4 (1 _ 4
Jx (1-x%) ix
1-x*+x8
Optimal (type 3, 278 leaves, 20 steps):
Ar‘cTan[iz’ 3 ’ZX} Ar‘cTan[@z* 2 ’ZX]

X N 2+/3 ~ 2-4/3

26 26
Ar‘cTan[Ez’ — Ar‘cTan[Ez* 3 _+2x

NP~ 23 Log[1-+/2-+/3 x+x?]

+ - +
26 26 4-/6
Log[1++/2-+/3 x+x?] Log[1-4/2++V3 x+x2] Log[1+1/2++/3 x+x?]
- +
46 46 4-/6

Result (type 7, 46 leaves):

1 Log[x -1
-x+ — RootSum[1 - #1* + 111% &, Loglx-l
4

8]

-113 + 2 517

Problem 54: Result is not expressed in closed-form.
2 A
Jx (1-x*) ix
1-x*+x8
Optimal (type 3, 355leaves, 21 steps):

Ar‘cTan{@} Ar‘cTan[@] Ar‘cTan[liz‘ 3 r2x] Ar‘cTan{lZZ*;b =1
2+\/? _ W B 2+\/? . \/ﬁ

4 3(27ﬁ) 4 3(2+\E) 4 3(27ﬁ) 4 3(2+ﬁ)

1 1
i 7(2— ) Log[1-/2-+/3 x+x?] - (2_ ) Log[1++/2 -3 x+x2] -
8 3 3
1 1
- —(2+ ) Log 2+4/3 x+x?|+ (2+ ) Log 2+\/7X+X
8 3 3
Result (type 7, 55leaves):
1 -Log[x - #1] +Log[x - r1] n1?
——RootSum[l—ﬂ14+1¢18 &, gl ] +Llog| ] &}
4 -H1 +261°
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Problem 56: Result is not expressed in closed-form.
1-x4
j; ax
1-x*+x8
Optimal (type 3, 355leaves, 19 steps):
Ar‘cTan[@z’ 2 2x ] Ar‘cTan[Ez* e— Ar‘cTan[@l’ — Ar‘cTan[ﬁiz* 3 +2x

- + + - +

g i(z-ﬁ) Log[1-+/2-+/3 x+x2]—§ é(Z—\/?) Log[1+/2-+/3 x+x?] -
l 1(ZJr\E) Log[l— 2+\/? X+X2]+l ! (2+\E) Log[1+ 2+\/? X+X2]
8 3 8 3

Result (type 7, 57 leaves):
-Log[x-H1] + Log[x - #1] #14

1 4 8
- = RootSum|1 - #1* + n1® &,
4 -713 + 2117

8]

Problem 57: Result is not expressed in closed-form.
1-x4
—dx
Jx (1-x*+x8)
Optimal (type 3, 41 leaves, 7 steps):

ArcTan| M}

4-/3
Result (type 7, 44 leaves):

1
+Log[x] - — Log[1 - x*+x&]
8

1 . g Log[x - #1] {14
Log[x] - — RootSum|[1 -#1*+ 718 &, ——— &
4

-1+2m1%
Problem 58: Result is not expressed in closed-form.
1-x4
— dXx
sz (1-x*+x8)

Optimal (type 3, 280 leaves, 20 steps):
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Ar‘cTan[Ez’ — ArcTan[@z* —

_l+ \ 244/3 . \2-+/3
X 26 26
ArcTan ArcTan

[ J23 ]7 [ 23 }7Log{1—\/2—\/? X+ x2] X

26 2/6 46
Log[1+4/2-+/3 x+x2] Log[1-1/2+v/3 x+x2] Log[l++2+/3 x+x?]

- +
4-/6 4-/6 4-/6

Result (type 7, 47 leaves):

1 1 Log[x - #1] #13
-~ - = RootSum[1-#1%+n18 &, Loglx - #1] #17

&]
X 4 -1+2a1%

Problem 59: Result is not expressed in closed-form.
1-x*
—dx
Jx3 (1-x*+x®)

Optimal (type 3, 89leaves, 11 steps):

1 1 1 Log[1-+/3 x2+x4] Log[1++/3 x2+x4
- +7Ar‘cTan[\/?—2x2] —fAr‘cTan[\/?Jerz] - gl ] + g }

2x2 4 4 83 8+/3
Result (type 7, 49 leaves):

1 1 Log[x - #1] 112
- —— - ~RootSum[1 - #1*+ 18 &, Loglx ==l B ¢

2x2 4 -1+2m1°4

Problem 60: Result is not expressed in closed-form.
1-x*
—dx
Jx“ (1-x*+x®)

Optimal (type 3, 370leaves, 21 steps):



Mathematica 11.3 Integration Test Results for 1.2.3.4 (f x)™"m (d+e x~n)~q (a+b x~n+c x~(2 n))~p.nb | 27

(2 v_) ArcTan[~—————=2 3 - v_) ArcTan | V23 -2x
2++/3 J2-+/3

|
‘H
|
|
W |
N
W |
N
+

1 1(2—\/_) Ar‘cTan 2- \/?+2x l 1(2+\/—) Ar‘cTan 2+\/?+2X
4 3 2+\/— N ’ 2 - \/—

g §(2+ ) Log -\ 2- ﬁx+x —i §(2+ ) Log +1/2- ﬁx+x -
i i(Zf ) LOg 2++/3 x+x2 +§ i(Zf ) LOg 2++/3 x+x2

Result (type 7, 47 leaves):
1 RootSum|1 - #1% + 1118 &, Logx- =) =1 &

3x3 4 -1+2m1%
Problem 79: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

x2 X

C b
J\ a+—+— x*vd+ex dx

Optimal (type 4, 981 leaves, 11 steps):

- —2(187a%d* +6ab% et +4ab’e’ (7Tbd-69ce) -4a’d’e (2bd+3ce)
3465a% e

3a2e2<3b2d2 29bcde+5(ac2e2 a+—+—x Jdrex +— a+—+—xx/d+ex+

742 (233a d®> +48b3e?+abe? 67bd 157ce +4a? de(18bd 37ce))
3465 a3 e

C b

a+ —+— X
x2 X

2 (29a2d?+8b%e?+ae (19bd-18ce)) la+xc—z+gx(d+ex)5/2

693 a2 e?

2(ad+be) la+xc—2+s X<d+ex)7/2

99 a e

3/2

—

d+ex)

+

+
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V2 A/b2-4ac (128a°d° +128b°e® -4a*d®e (14bd-27ce) -8ab’e* (7bd+87ce) -

a’be’ (37b*d*-258bcde-771c*e?) -a’de® (37b*d*-135bcde+ 156 c* e?))

b+1 b2-4ac +2ax
c b a(c+bx+ax?) Jb2-aac

a+—+— x\d+ex - EllipticE[Ar‘cSin[ ],
x2 X b>-4ac V2
2vb2-4ac e a(d+ex)

(c+bx+ax?)| -

- ] / 3465 a° e®
2ad—(b+\/b2—4ac)e 2ad—(b+\/b2—4ac)e

22 +/b2-4ac (adzfe (bdfce>) (128a4d4764b4e474ab2e3 (7bd769ce) +

43%d%e (2bd+3ce) -3a%e? (3b2d2—29bcde+56c2e2)>

a(d+ex) a(c+bx+ax2) Jb*-aac

- EllipticF [ArcSin| ]s

2ad—(b+\/b2—4ac)e b>-4ac 2

2Vb%2-4ac e
2ad- (b+x/b2—4ac ) e

] /(346535e5\/m<c+bx+axz>)

Result (type 4, 10904 leaves):
xvVd+ex

4(32a4d4710a3bd3ef9a2b2d2e2+23a3cdzezf1Oab3de3+35a2bcde3+

3465 a* e
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1

3465 a3 e3
2 (—48a3d3+13a2bd2e+13abzdez—32a2cde2—48b3e3+157abce3> X +
4(—4a2d2+abde—4b2e2+9ace2) x2 2 (ad+be) X3 2x4

32b*e*-138ab%ce?+75a%c? 4)—

+ + —

693 a2 e? 99ae 11

1

3465 a%*e®\/c+bx+ax?

(128a5d5—56a4bd4e—37a3b2d3e2+108a4cd3e2—37a2b3d2e3+135a3bcd2e3—

56ab4de4+25832b2cde4—156a3czde4+128b5e5—696ab3ce5+771a2bc2e5)

(d ex)3/2 [a a d? bde ce? 2ad be /
+ + _ N _ .
(d+ex)2 (d+ex)2 (d+ex)? d+rex drex
2 g |2 efb-tce
<d+eX) a(71+d+ex) s .
a —
e? —
R e R
a .
2 2
ad’-bde+ce?) (d+ex) |a+ ad __bde | ce _2ad  be 32
(

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

Z(adszde+ce2)

(Zadfbe—\/b2e2—4ace2) (d+ex)

1-

2 asd® (2ad—be+x/b2e2—4ace2

2 (adz—bde+ce2)
(Zadfbe+\/b2e274ace2> <d+ex)

1-

/ ad’-bde+ce?
2adbe/b’e? 4ace’ 2ad-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| IR ] -

Vd+ex 2ad-be+/b2e?-4ace?
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2ad-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ ad’-bde+ce?

2ad-be-+b2e2-4ace? ]

/ (adz—bde+ce2)
2ad-be+Vb2e2-4ace?

ad’-bde+ce? ad’-bde+ce? -2ad+be ,
- a+ + EEVERVS
2ad-be-+/b2e2-4ace? (dJrex)2 d+ex

2 (ad*-bde+ce?)

a*bd*e |2ad-be++/b%>e?-4ace? 1-

(Zad—be—\/b2e2—4ace2) (d+ex)

2 (adz—bde+ce2)

1-
(2ad—be+\/b2e274ace2) (d+ex)
/ ad’-bde+ce?
E11ipt] E['A < h 2ad-be- b2e24ace2 } 2ad-be-+b%2e2_4ace? ]
1pTic 1 Arcs>1n )
Vd+ex 2ad-be+b2e?-4ace?
\/7 B ad’-bde+ce?
2ad-be-+/b2e’-4ace?
E1lipticF[i ArcSinh| )5

\Vd+ex

2ad-be-+b%2e?-4ace? ]

/ (ad*-bde+ce?)
2ad-be+Vb2e2-4ace?

ad’-bde+ce? ad’-bde+ce? -2ad+be -
- a+ + -1371a
2ad-be-+/b2e2_-4ace? (d+ex)2 d+ex

2 (adz—bde+ce2>

(Zad—befx/bzezfélacez) (d+ex)

b2d3e? |2ad-be++/b*e?-4ace? 1-
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2 (adz—bde+ce2)
(2ad—be+\/m) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ ad’-bde+ce?
2ad-be-~/b*e*-4ace? 2ad-be-+/b%?e?2-4ace?

Vd+ex 2ad-be++vb2e?-4ace?

ﬁ _ ad’-bde+ce?
2ad-be/b2e?dace? 2ad_be_x/b2e2—4ace2} /

Ar‘cSinh[ ]:

Vdrex 2ad-be++/b?e?-4ace?

ad’-bde+ce?

2ad-be-+/b?e?-4ace?

Z\E(adz—bdeJrcez) -

ad’-bde+ce? -2ad+be
a+ + + 2712 a*cd?e?

(d+ex)2 d+ex

2 (ad?’-bde+ce?
pad-be.forer aacet | 1o < )

(Zadfbefm) (d+ex)

2 (adz—bde+ce2)

1-
2ad-be.Vb?e?4ace? | (d-ex]
[ ad’-bde+ce?
. . ' . 2ad-be- b2e24aceZ Zadfbef\/m
EllipticE|i ArcSinh| |

] | - EllipticF[i

Vd+ex 2ad-be++/b2e?2-4ace?

\/7 B ad’-bde+ce?
2ad-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh|

s

Zad—be—\/m]

/ (adszde+ce2)
2ad-be++/b2e?-4ace?

| 31
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ad’-bde+ce? ad’-bde+ce? -2ad+be -
- a+ + -1371a
2ad-be-+Vb?e?-4ace? (d+ex)? d+ex
2 (ad’-bde+ce?
b3d?e3 |2ad-be++/b*e?-4ace? 1- ( )
(Zadfbefx/b2e274ace2) (d+ex)
2 (ad*-bde+ce?)
1- EllipticE[i ArcSinh|

(Zad—be+\/b2e274ace2) (d+ex)

ﬁ _ ad*-bde+ce?
2ad-be-~/b*e>-4ace? 2ad-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2ad-be+/b%2e?2-4ace?

ﬁ B ad’-bde+ce?
2ad-be-/b>e’-d4ace? 2ad-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2ad-be++vb2e?-4ace?

ad’-bde+ce?

2ad-be-+b2e?-4ace?

Zﬁ(adz—bde+ce2) -

ad’-bde+ce? -2ad+be - ) 3
a+ + +(135ia°bcd e

(d+ex)? d+ex

2 (ad?’-bde+ce?
(2ad—be+x/b2e2—4ace2) 1- ( ’ )

(Zad—be—\/b2e2—4ace2) (d+ex)

2 (ad*-bde+ce?)

(2ad—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE|i ArcSinh|

ﬁ N ad’-bde+ce?
2ad-be-+/b2e*-4ace? 2ad-be-+vb2e?2-4ace?

|s | - EllipticF[i

Vd+ex 2ad-be++vb2e?2-4ace?
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\/? _ ad’-bde+ce?
2ad-be-/b?e?-4ace? 2ad-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2ad-be++vbZe?-4ace?

ad’-bde+ce?

2ad-be-+vb2e?-4ace?

2\/7(ad2—bde+ce2) -

ad’-bde+ce? -2ad+be
a+ ML : ~|141+/2 ab*de?

(d+ex)2 d+ex

2(ad2—bde+ce2)
(2ad—be+xlb2e2—4ace2) 1-
(Zad—be—\/b2e2—4ace2) (d+ex)

2 (ad*-bde+ce?)

1-
(Zad—be+\/b2e2—4ace2) (d+ex)
\/_ ad’-bde+ce?
Ellioti E['A o h 2ad-be/b’e>4ace’ } 2ad-be-+b%2e2-4ace? ]
ipticE|i ArcSin , -
Vd+ex 2ad-be+Vb%2e?-4ace?
ﬁ _ ad’>-bde+ce’
2ad-be-+/b%e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2ad-be-+b%2e2-4ace? ]
2ad-be+Vb%2e?-4ace?

/ (adz—bde+ce2)

ad’-bde+ce? ad’-bde+ce? -2ad+be -
- a+ + + (1291 a
2ad-be-+/b2e2_-4ace? (dJrex)2 d+ex

2 (ad*-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

b>cde* [2ad-be++/b%>e?-4ace? 1-
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2 (adz—bde+ce2)
(2ad—be+\/m) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ ad’-bde+ce?
2ad-be-~/b*e*-4ace? 2ad-be-+/b%?e?2-4ace?

] | - EllipticF[i

Vd+ex 2ad-be++vb2e?-4ace?

ﬁ _ ad’-bde+ce?
2ad-be-+/b2e*-4ace? 2ad-be-+vb2e2-4ace? } /

Ar‘cSinh[ ]:

\Vd+ex 2ad-be+b2e?2_4ace?

ad’-bde+ce?

2ad-be-+/b’e?-4ace?

V2 (ad’-bde+ce?) |-

ad’-bde+ce? -2ad+be
ax ML - ~1391+/2 a®c2det
(d+ex)2 d+ex

2 (ad?’-bde+ce?
pad-be.forer aacet | 1o < )

(22d-be-+bTe? 4ace? ) (d:ex)

2 (adz—bde+ce2)
(Zadfbe+m) (d+ex)

1-

/ ad’-bde+ce?
2ad-be/b’e? 4ace’ 2ad-be- b2e2—4ace2]

E1lipticE[i ArcSinh| |

Vd+ex 2ad-be++/b2e?2-4ace?

\/7 B ad’-bde+ce?
2ad-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh|

s

Zad—be—\/m]

/ (adszde+ce2)
2ad-be++/b2e?-4ace?



Mathematica 11.3 Integration Test Results for 1.2.3.4 (f x)™"m (d+e x~n)~q (a+b x~n+c x~(2 n))~p.nb | 35

ad’-bde+ce? ad’-bde+ce? -2ad+be ,
- a+ + + (321
Zad—be—m (d+ex)2 d+ex
2 (ad’-bde+ce?
V2 bSe® [2ad-be++/b2e?2 -4d4ace? 1- < )
(Zadfbefx/b2e274ace2) (d+ex)
1 Z(adz—bde+ce2)

(2ad—be+\/b2e2—4ace2) <d+ex)

r ad’-bde+ce?
2ad-be/b’e? 4ace’ Zad—be—\/b2e2—4ace2]

EllipticE|i ArcSinh| B

Vd+ex 2ad-be+Vb2e2_-4ace?

[ _ ad’-bde+ce?
2ad-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

2ad-be-+b2e2_-4ace? ]

/ (adz—bde+ce2)
2ad-be+Vb2e2-4ace?

ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + -
2ad-be-+/b2e?2-4ace? (d+ex)? d+ex

1741i+/2 ab3ce® (Zad—beﬂlbzez—4ace2

2 (adz—bde+ce2)
(2ad—be—x/b2e2—4ace2) <d+ex)

1-

L Z(adz—bde+ce2)

\ (2ad—be+\/b2e2—4ace2)<d+ex)
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ﬁ _ ad’-bde+ce?
2ad-be-\/b2e?-4ace? 2ad-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2ad-be+Vb2e2-4ace?

2ad-be/b2e-dace?

E1lipticF [i ArcSinh| ]

\Vd+ex

\/? \/ ad’-bde+ce?

2ad-be-+b2e2_-4ace? ]
2ad-be+Vb2e2-4ace?

/ (adz—bde+ce2)

ad’-bde+ce? ad’-bde+ce? -2ad+be ]
- a+ + + 771 1
2ad-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (ad’-bde+ce?
a’bc?e’ |2ad-be++/b2e?-4ace? 1- ( )
(Zad—be—\/b2e2—4ace2) <d+ex)
1 2(ad2—bde+ce2)

(2ad—be+\/b2e274ace2) (d+ex)

/ ad’-bde+ce?
2ad-be- b2e24ace2 Zad_be_\/b2e2—4ace2]

E1lipticE[i ArcSinh| ]

Vd+ex 2ad-be+Vb2e2-4ace?

2ad-be-/b2e’-4ace?

E1lipticF[i ArcSinh| ]

\Vd+ex

\/7\/_ ad’-bde+ce?

2ad-be-+b%2e?-4ace? ]

/ Z\E(adz—bdeJrcez)
2ad-be+Vb2e2-4ace?

ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +

2ad-be-+vb2e2-4ace? (dJrex)2 d+ex
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2 (ad*-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

6412 a>d* |1-

2 (adszde+ce2)

1-
(2ad—be+\/b2e274ace2) (d+ex)
\/— ad’-bde+ce?
2ad-be- bze2 4ace? 2ad—be—\/m
EllipticF[i ArcSinh] |s ] //
Vd+ex 2ad-be+vVb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +
2ad-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (ad’-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

4i+/2 a*bde |1-

2 (adszde+ce2)

1-
(2ad—be+\/b2e274ace2) (d+ex)
\/— ad’-bde+ce?
2ad-be/b2erdace? 2ad-be-+b2e?2-4ace?
EllipticF[i ArcSinh] | ] //
Vd+ex 2ad-be++vVb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + -
2ad-be-+/b2e?-4ace? (d+ex)? d+ex

2 (ad*-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

9ia*b?d?e? |1-

2 (adszde+ce2)

Zad—be+\/b2e274ace2) (d+ex)

1-
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) \/ ad’>-bde+ce’

2ad-be-/b*e*-4ace? 2ad-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2ad-be++vb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
N2 - : a+ i + : +
2ad-be-+vb2e2-4ace? (d+ex>2 d+ex

2 (adz—bde+ce2>

612 a*cd?e? [1-
(2ad—be—x/b2e2—4ace2) (d+ex)

2 (ad*-bde+ce?)

1_
(2ad—be+\/b2e2—4ace2) <d+ex)
\/— ad’-bde+ce?
2ad-be- b2e24ace2 2ad—be—\/m
EllipticF i ArcSinh| ], ] /
Vd+ex 2ad-be++vVb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + -
2ad-be-+vb%2e2-4ace? (d+ex)2 d+ex

Z(adz—bde+ce2)
(Zad—be—\/b2e2—4ace2) (d+ex)

141+/2 a?b3de® |1-

2 (ad*-bde+ce?)

1_
(2ad—be+\/b2e2—4ace2) <d+ex)
\/— ad’-bde+ce?
2ad-be- b2e24ace2 2ad-be-+b2e2_43ce?
EllipticF i ArcSinh]| , ] /
Vd+ex 2ad-be++vVb2e?-4ace?
ad?-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +

2ad-be-+b2e2_4ace? (d+ex)2 d+ex
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2 (ad*-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

87ia’bcde® |1-

2 (adszde+ce2)

1-
2ad be: Vbt daceT] (drex)
\/— ad’-bde+ce?
2ad-be- bze2 4ace? 2ad—be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2ad-be++b2e2-4ace?
d’>-bd 2 d>-bd 2 _2ad+b
\E ~ a e+ce a+a e+ce . ad+be B
2ad-be-+/b2e?-4ace? (d+ex)? d+ex

2 (ad*-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

3212 ab*e* |1-

2 (adszde+ce2)

1-
(2ad—be+\/b2e274ace2) (d+ex)
\/— ad’-bde+ce?
2ad-be- bze2 4ace? 2ad7be7\/m
EllipticF[i ArcSinh] | ] /
Vd+ex 2ad-be++vVb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +
2ad-be-+/b2e?-4ace? (d+ex)? d+ex

2 (ad*-bde+ce?)

(Zad—be—\/b2e2—4ace2) (d+ex)

1381 /2 a?b?ce* |1-

2 (adszde+ce2)

Zad—be+\/b2e274ace2) (d+ex)

1-
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ad’-bde+ce?

ﬁJ

2ad-be-+/b2e?-4ace? ]

VbZe2_-4ace?

2ad-be-

EllipticF i ArcSinh|

)

Vdrex 2ad-be+Vb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ —
2ad-be-+b2e?2-4ace? (d+ex)2 d+ex
2 (ad’-bde+ce?
75i+/2 ac2et |1- ( )
2ad-be-VbTer-dace? | (drex]

2 (ad*-bde+ce?)
(2ad—be+\/b2e2—4ace2) <d+ex)

1-

ad’-bde+ce?

2ad-be- bze2 4ace?

=

2ad-be-+b2e?-4ace?

EllipticF i ArcSinh|

)

Jdiex 2ad-be++Vb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ +
2ad-be-/b?e? -4ace? (d+ex)? d+ex

Problem 80: Result unnecessarily involves complex
twice size of optimal antiderivative.

C b
a+—+— x3+/d+ex dx

x2 X

Optimal (type 4, 778 leaves, 10 steps):

1

ﬁz (19a3d3—6a2cde2+8b3e3+Z-Zabe2 (bd—9ce)>
3153’ e

numbers and more than

c b
a+—+— xvd+ex +

x2 X

© | N

x2 X 315 a2

4 (8a2d?+3b2e*+ae (4bd-7ce)) /a+;—z+§ x(d+ex)3/2
a+i+E x*vd+ex -

+
e3

1/

1/
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2 (ad+be) la+xc—2+§ x(d+ex)5/2

63ael

2+/2 /b2 -4ac <8a4d4+8b4e4—a3d2e (4bd—9ce> ~4ab?el (bd+9ce) -
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Problem 81: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 82: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

C b
J a+—+— xyd+ex dx

x2 X

Optimal (type 4, 550 leaves, 8 steps):
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Problem 83: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J a+—+— Vd+ex dx

x2

Optimal (type 4, 955 leaves, 16 steps):

2 C b
— |a+—+— x/d+ex +

3 x2 X
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Problem 84: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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bd ce
4

2 e |b-
a(—1+ )

(d+ex)?
ad’-bde+ce? -2ad+be d+ex d-ex
a+ + +

(d+ex)? d+ex e?

3ibde

2ad-be++/b*e?-4ace?

<d+ex>
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ad? bde ce? 2ad be

a+ - + - +
(d+ex)2 (d+ex)2 <d+ex)2 d+ex d+ex

2 (adszde+ce2)

(Zad—befx/b2e274ace2) (d+ex)

1-

L Z(adz—bde+cez)

\ (Zadfbe+\/b2e274ace2)<d+ex)

/ ad’-bde+ce?
2ad-be/b’e? 4ace’ 2ad-be-+/b%2e?-4ace? ]

EllipticE|i ArcSinh| B

Vd+ex 2ad-be+Vb2eZ_4ace?

/2 \/_ ad’-bde+ce?

2ad-be/b’e’-d4ace? 2ad-be-+b2e?-4ace? }

E1lipticF[i ArcSinh | ]

Vd+ex 2ad-be++vb2e?-4ace?

ad’-bde+ce?

2ad-be-+b2e?-4ace?

2\/7(ad2—bde+ce2) -

bd ce
<d+ex>2 a(71+ )2 e (b-—+ —
ad’-bde+ce? -2ad+be d+ex dee x
a + + —
(d+ex)2 d+ex e?
31ice? 2ad—be+\/m (d+ex)
a d? bde ce? 2ad be
a+ - + - +
(d+ex)2 (d+ex)2 (d+ex)2 drex d+ex
1 Z(adz—bde+ce2)

(Zad—be—\/b2e2—4ace2) (d+ex)
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2 (ad*-bde+ce?)
(2ad—be+\/b2e2—4acez) (d+ex)

1-

\ﬁ ad’-bde+ce?
2ad-be/b’e> 4ace’ 2ad-be-+b2e2_-4ace?

EllipticE[i ArcSinh]| B ] -

vd+ex 2ad-be+Vb2e2-4ace?

\/7 B ad’-bde+ce?
2ad-be-~/b2e?-4ace? 2ad7be—m} /

E1lipticF[i ArcSinh | I

Vd+ex 2ad-be+Vb2e2-4ace?

ad’-bde+ce?

2ad-be-+/b%2e?2-4ace?

Z\E(adz—bdeJrcez) -

p_bd  ce
(d+ex)? a(—1+ d )2 <
ad’-bde+ce? -2ad+be d+ex dee x
a+ + -
(d+ex)? d+ex o2
. ad? bde ce? 2ad be
1ad(d+ex) a+ - + - +

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

L 2(ad2—bde+ce2)

\ (2ad—be—x/b2e2—4ace2)(d+ex)

L Z(adz—bde+ce2)

\ (2ad—be+\/b2e2—4ace2)<d+ex)

2 _ ad’>-bdetce?
2ad-be-+/b?e*-4ace? 2ad-be-+/b%?e?2-4ace? } /

E1lipticF [i ArcSinh| ]s

Vd+ex 2ad-be++vbZe?-4ace?
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ad’-bde+ce? ad’-bde+ce? -2ad+be

\E - a + +
2ad-be-+/b2e2-4ace? (d+ex>2 d+ex

2 eb—£+i
(d+ex)2 a(—1+d+dex) + e
e? "
'be(d ex) 3 a d? bde ce? 2ad be
i + + - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
1 2(ad27bde+ce2)

(Zad—befx/b2e274ace2) (d+ex)

1 Z(adz—bde+cez)

\ (Zadfbe+\/b2e274ace2)<d+ex)

/ ad*-bde+ce?
2ad-be/b’e 4ace’ ] 2ad-be- b2e274ace2}/

Vd+ex 2ad-be++vVbZe?-4ace?

EllipticF[i ArcSinh|

ad’-bde+ce? ad’-bde+ce? -2ad+be

\/7 - a+ +
2ad-be-+b2e2-4ace? <d+ex>2 d+ex

5 d 2 e b,ii
(d+ex) a(—1+ ) +
d+e x d+e x
o2
L, ad? bde ce? 2ad be
ice (d+ex) a+ - n - +

(d+ex)2 (d+ex)2 <d+ex)2 d+ex d+ex
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L 2 (ad*-bde+ce?)

\ (Zad—be—\/b2e2—4ace2)<d+ex)

2 (ad*-bde+ce?)

(2ad—be+\/b2e2—4ace2) (d+ex)

1-

/ ad’-bde+ce?
2ad-be/b’e 4ace? ] 2ad—be—\/b2e2—4ace2}/

Vd+ex 2ad-be++vb2e?-4ace?

EllipticF i ArcSinh|

New ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ +
2ad-be-+/b2e?_4ace? <d+ex)2 d+ex

bd ce
—_

2 e (b-
(d+ex)2 a(71+d+dEX) i d+ex
+
e2
'be(d ex) 3 ad? bde c e? 2ad be
i + + - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
L 2(ad2—bde+ce2)

(Zad—be—\/b2e2—4ace2) (d+ex)

2 (adz—bde+ce2)
(2ad—be+x/b2e2—4ace2) <d+ex)
d (Zad—be—\/b2e2—4ace2)

EllipticPi| S (od bdercel) )

1-

\/7 B ad’-bde+ce?
2ad-be-/b2e?-4ace? 2ad7be—\/m} /

i ArcSinh [ ] R

Vd+ex 2ad-be+b2e2-4ace?
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ad’-bde+ce? ad’-bde+ce? -2ad+be
V2o - - a+ ’ *
2ad-be-+/b2e2-4ace? (d+ex>2 d+ex
p_bd ce
(d+ex)? a(71+ d )2+e
d+e x d+e x
+
e2
o, ad? bde ce? 2ad be
ice’ (d+ex) [a+ - + N

2 (adszde+ce2)

1-

(Zadfbefm) (d+ex)

2 (adz—bde+cez)

1-

(d+ex)2 (d+ex)2 <d+ex)2_d+ex d+ex

(Zadfbe+\/b2e274ace2) (d+ex)
d (Zad—be—\/b2e2—4ace2)

Ellipticps| 2 (ad?-bde+ce?) ’

\

ad’-bde+ce?

ﬁJ

2ad-be-/b%e?-4ace?

i ArcSinh|

Vd+ex

)

2adfbe7\/m}
2ad-be++/b’e?-4ace?

/

New ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ +
2ad-be-+vb%e?-4ace? (d+ex)? d+ex

drex)?|a(-1+ ¢
( )
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Problem 85: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+%+g \Vd+ex
X X
dx
X2

Optimal (type 4, 1287 leaves, 24 steps):
(bd+ce> a+;—z+§m a+X°—2+3m

.
4cd 2 X

b 2
\/b*-4ac (bd+ce) a+i+gxx/d+ex 7a(c+ x+ax)
x2 X b2-4ac

b+y/b%2-4ac +2ax
Jbraac 2+/b2-4ac e l /

EllipticE[ArcSin| ], -

V2 ’ 2ad—(b+\/m)e

a(d+ex)

2ad—(b+\/b2—4ac)e

4\/7cd

(c+bx+ax2) +

d b 2
3 b2 2ac e\/a+i+9 « a(drex) J_a(“ x+ax) EllipticF|

x* X 2ad—(b+\/b2—4ac)e b>-4ac

b+y/b*-4ac +2ax
Vb*-aac ] 2vVb%-4ac e

V2 Zadf(b+\/b274ac

Ar‘cSin[

)e] / (V2 avex (crbx-ax?)) -



78 | Mathematica 11.3 Integration Test Results for 1.2.3.4 (f x)™"m (d+e x~n)~q (a+b x~n+c x~(2 n))~p.nb

d b 2
O R R P [

SRS 2ad—(b+\/b2—4ac)e b’>-4ac

b+y/b%-4ac +2ax
Vb*-aac 2vVb%-4ac e ] /

EllipticF[ArcSin[ ]

NES ’Emﬂmm)e

22 c/d+ex (c+bx+ax?)] -
272 e < ))

c b 2a(d+ex)
e a+—+— x |[1-
X2 X 2ad7(b7\/b274ac)e

2a (d+ex 2ad-be+Vb%2-4ac e

1_ ( ) EllipticPi| . ,
2ad7(b+\/b2—4ac)e 2ad
V2 \a Jdiex b-+/b?-4ac - 22

ArcSin|

d} /(\E\/?d(c+bx+ax2>)+

Q ™

|
b++b2-4 -2
JZad—(b—\/b2—4ac)e " ac e

(bd+ce)2J2ad—(b—x/b2—4ac

c b 2a(d+ex|
e a+—+— X |1-
x* X 2ad—(b—\/b2—4ac)e

2 d _ 2 _
- a(d+ex) EllipticPi[zad be+vVb2-4ac e,Ar‘cSin[
2ad—(b+m)e 2ad
N b-+b2-4ac - 22d
V2 Ja Jdrex ]s 2ed] /(4ﬁﬁcd2 <c+bx+ax2))
b++b2-4 - 22
\/Zad(b\/b24ac)e " ac e

Result (type 4, 6206 leaves):
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1

bde + ce?  2ad + be
(d+e x)? (d+ex)? d+e x d+e x
)2 e( dex+dc:x‘
drex
eZ
1
[ bd ce
e|b-——+—
(d+e x)? 3(71+ ¢ )2+7\ drex "’“1]
d+ex d+ex
e2
a d? bde ce? 2ad be
d(d+ex) |a+ - + - +

(d+ex>2 (d+ex)2 (d+ex)2 d+rex d+ex

Z(adz—bde+ce2)

(2ad—be—x/b2e2—4ace2) (d+ex)

1-

iabd? (Zadfbe+x/b2e274ace2

2 (ad*-bde+ce?)
(2ad—be+\/b2e2—4ace2) <d+ex)

1-

\/_ ad’-bde+ce?
2ad-be/b’e? 4ace’ 2ad-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2ad-be+Vb2e2-4ace?

[ _ ad’-bde+ce?
2ad-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

2ad-be-+b2e2-4ace? ]
2ad-be+Vb2e2-4ace?

/ 2\/7(ad2—bde+ce2)

ad’-bde+ce? ad’-bde+ce? -2ad+be
a+ + -

2ad-be-+/b%2e2-4ace? (d+ex)2 d+ex
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2 (ad*-bde+ce?)

ib’de [2ad-be++/b%>e?-4ace? 1-
(Zad—be—\/b2e2—4ace2) (d+ex)
. 2(ad27bde+ce2)
(2ad—be+\/b2e274ace2) (d+ex)
\/_ ad’-bde+ce?
E11ipti E['A < h 2ad-be/b2e*-4ace? } 2ad—be—\/b2e2—4ace2]
ipticE|i ArcSin ,
Vd+ex 2ad-be+vVb2e2-4ace?
\/7 B ad’-bde+ce?
2ad-be-+/b%e’-4ace?
EllipticF[i ArcSinh| |

\Vd+ex

2ad-be-+b%2e?-4ace? ]

/ Z\E(adszdeJrcez)
2ad-be+vVb2e2-4ace?

ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +
2ad-be-+vb2e2-4ace? (dJrex)2 d+ex
Z(adz—bde+ce2)
iacde 2adfbe+xlb2e274ace2) 1-
(Zad—be—\/b2e2—4ace2) (d+ex)
L Z(adz—bde+ce2)

(2ad—be+\/b2e2—4ace2) <d+ex)

r ad’-bde+ce?
2ad-be/b’e? 4ace’ Zad—be—\/b2e2—4ace2]

EllipticE|i ArcSinh| B

Vd+ex 2ad-be+Vb2e2_-4ace?

[ _ ad’-bde+ce?
2ad-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex
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2ad-be-+b%2e2-4ace? ]

/ Zﬁ(adz—bde+ce2)
2ad-be+Vb%2e?-4ace?

ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +
2ad-be-+vb2e2-4ace? (dJrex)2 d+ex
2 2
ic’e®|2ad-be++/b%e?-4ace? 1- Z(ad —bde+ce>
(Zadfbefx/b2e274ace2) (d+ex)
L Z(adz—bde+ce2)
(2ad—be+\/b2e2—4ace2) <d+ex)
\ﬁ ad’-bde+ce?
Ellipti E['A <3 h 2ad-be/bTe?aace’ } Zad—be—\/b2e2—4ace2]
ipticE|i ArcSin , -
Vd+ex 2ad-be+Vb2e2_4ace?
\/? _ ad’-bde+ce?
2ad-be-+/b2e?-4ace?
EllipticF[i ArcSinh| |

Vd+ex

2ad-be-+/b%2e?-4ace? ]
2ad-be+Vb2e2_-4ace?

/ Zﬁd(adz—bde+ce2)

ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + +
Zadfbe—\/m (d+ex)2 d+ex
2 (ad*-bde+ce?)
iabd |1-
(Zad—be—\/b2e2—4ace2)(d+ex>
1 2(ad27bde+ce2)

(Zad—be+\/b2e274ace2) (d+ex)
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) \/ ad’>-bde+ce’

2ad-be-/b*e*-4ace? 2ad-be-+b2e?-4ace? }

EllipticF i ArcSinh| ],
Vd+ex 2ad-be++vb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
vz |- - a rce? -2adsbe |
2ad-be-+b%e?-4ace? (d+ex)? d+ex
Z(adz—bde+ce2)
ib%e [1-
(Zad—be—\/b2e2—4ace2>(d+ex)
L 2 (ad*-bde+ce?)

(2ad—be+\/b2e2—4ace2) <d+ex)

/ \/ ad’-bde+ce?

EllipticF i ArcSinh|

3
Jdrex 2ad-be++Vb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
\/7 - : a+ hl + * _
2ad-be-+vb%2e2-4ace? <d+ex>2 d+ex
2(ad2—bde+ce2>
i1ace |1-
2ad-be-Vbrer dace? )| (drex]
1 2 (ad*-bde+ce?)

(2ad—be+\/b2e2—4ace2) <d+ex)

/ \/ ad’-bde+ce?

2ad-be/b’e 4ace’ ] 2ad—be—\/b2e2—4ace2}

2ad-be/b’e-4ace’ 2ad—be—\/b2e2—4ace2}

EllipticF i ArcSinh]| ],
Vd+ex 2ad-be++vVb2e?-4ace?
ad’?-bde+ce? ad’-bde+ce? -2ad+be
N2 - : a+ : + : +

2ad-be-+b2e2_4ace? (d+ex>2 d+ex

/

/

/
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2 (ad*-bde+ce?)

ivV2 bce? |1-
(Zad—be—\/b2e2—4ace2) (d+ex)
. 2(ad27bde+ce2)

(2ad—be+\/b2e274ace2) (d+ex)

2ad-be- bze2 4ace?

/ \/ ad’-bde+ce?

.. , ) 2ad-be-+b2e?-4ace?
EllipticF [11 Arc51nh ] ) }
Vd+ex 2ad-be+vVb2e?-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
d |- a-+ + -
2ad-be-+Vb?e?-4ace? (drex)? d+ex
2 (ad?’-bde+ce?
ic?ed |1- ( )
(Zad—be—\/b2e2—4ace2)(d+ex)
. 2(ad27bde+ce2)
(2ad—be+\/b2e274ace2)<d+ex)
\/— ad’-bde+ce?
2ad-be- bze2 4ace? 2ad7be7\/m
EllipticF[i ArcSinh] | ]
Vd+ex 2ad-be+Vb2e?-4ace?
N ad’-bde+ce? a+ad2—bde+ce2+723d+be N
2ad-be-+/b%e?-4ace? (drex)? d+ex
2 (ad*-bde+ce?)
ib%e [1-
(Zad—be—\/b2e2—4ace2)(d+ex)
L 2(ad27bde+ce2)

(Zad—be+\/b2e274ace2) (d+ex)

| 83

/

/
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[d (Zad—be—\/b2e2—4ace2)

EllipticPi
2 (adz—bde+ce2)

E

\/? _ ad’-bde+ce?
2ad-be-\/b2e’-4ace? 2ad-be-+/b%?e?2-4ace?
jAr‘cSinh[ ], ]/
Vd+ex 2ad-be+/b2e?2-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
V2| - * a+ * + ’ -
2ad-be-+/b2e2-4ace? (d+ex>2 d+ex
2 (ad?’-bde+ce?
2i+2 ace |1- ( )
(Zad—befx/bzezfélacez) (d+ex)
1 2(ad2—bde+ce2)

(2ad—be+x/b2e2—4ace2) <d+ex)
[d (Zad—be—\/b2e2—4ace2)

2 (adz—bde+ce2)

B

EllipticPi

/2 \/_ ad’-bde+ce?

2ad-be-\/b?e*-4ace? 2ad-be-+b%2e?-4ace?
jAr‘cSinh[ ], ] /
Vd+ex 2ad-be+/b2e2-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
- a+ + -
2ad-be-+b2e2-4ace? (d+ex)? d+ex

2 (adz—bde+ce2)

iv2 bce? |1-
(Zad—befx/b2e274ace2> (d+ex)
L 2(ad2—bde+ce2)

(2ad—be+x/b2e2—4ace2) <d+ex)
d (2ad—be—x/b2e2—4ace2)

EllipticPi| S (od bdescel) )
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[2 \/_ ad’>-bde+ce?

2ad-be/b2e?dace? 2Jad-be_-+bleZ_dacel
i ArcSinh| 1 ]/
Vdrex 2ad-be+Vb2e2-4ace?
ad’-bde+ce? ad’-bde+ce? -2ad+be
d - a+ + +
2ad-be-+b2e?-4ace? (d+ex)2 d+ex
2 (ad’-bde+ce?
ic2ed |1- ( )
(Zad—be—\/b2e2—4ace2)(d+ex)
1 2 (ad*-bde+ce?)

(2ad—be+\/b2e2—4ace2) <d+ex)
d (Zadfbefx/b2e274ace2)

EllipticPi| (o d bdercel) B

2 _ ad’>-bde+ce’
2ad-be-\/b2e’-4ace? 2ad-be-+/b%?e?2-4ace? ] /

i ArcSinh| |

Vd+ex 2ad-be+vVbZe?-4ace?

2 2 2 2 _
Jzd |- ad“-bde+ce a+ad bde+ce . 2ad+be
2ad-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 90: Unable to integrate problem.

dx

J(fx)m (a+cx2m)P

d+exn

Optimal (type 6, 194 leaves, 6 steps):

1
d (1+m)
cx2n\P 1+m 1+m cx2n  e2x2n 1
x(fx>m<a+cx2“)p[1+ ] AppellF1| , -p, 1,1+ , - s -
a 2n 2n a d? d2(1+m+n)
cx2n\P 1+m+n 1+m+3n cx2n  e2x2n
ext (fx)" (a+cx?")? (1+ J AppellFl| ————, -p, 1, , - s
a 2n 2n a d?
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Result (type 8, 28 leaves):

J(fx)"' (a+cx2n)P

d+ex"

dx

Problem 91: Unable to integrate problem.

J(Fx)m (a+cx2m)P

(d+ex“)2

dx

Optimal (type 6, 302 leaves, 8steps):

2n\ -p 1 1 2n 2y2n
(1" (3t (10 ) Dappentra [T, p, 200 D, LS, S
d? (1+m) a 2n 2n a d?
1 2n\ -p
— 2 ex!" (fx>m<a+cx2”)p[1+cx
d? (1+m+n) a
1+m+n 1+m+3n cx2n  e2x2n 1
AppellFl|————, -p, 2, , - s N
2n 2n a d? d4 (1+m+2n)
2n\ -p 1 2 1 4 2n 2 y2n
e2x1*2”(fx)m<a+cx2“)p[1+cx AppellFl[i+m+ n,—p,z, e n,_cx ,ex
a 2n 2n a d?
Result (type 8, 28 leaves):
£x)™ (a+cx2M)P
[l ey
(d+ex”)2
Problem 92: Unable to integrate problem.
£x)" (a+cx2n)P
J( )" )° 4
(d+ex”)3
Optimal (type 6, 412 leaves, 10 steps):
1
d3 (1+m)
2n)\ P 1 1 2n 2y2n 1
x<fx>m<a+cxzn)p[1+cx AppellFl{Lm, -P, 3,1+ +mJ_CX > & -
a 2n 2n a d? d4(1+m+n)
2n\ -p 1 1 3 2n 2 y2n
3ex1*“<fx)"‘(a+cx2”)p(1+ X ) AppellF1[7+m+n,—p,3, wne n,_cx ,ex |+
a 2n 2n a d?
1 2n\ -p
3e2X1*2”(-Fx)m(a+cx2”)p(1+cx
ds <1+m+2n) a
1+m+2n 1+m+4n cx2n  e2x2n 1
AppellFl| ———, -p, 3, , - s ] -
2n 2n a d? dé (1+m+3n)
2n\ -p 1 3 1 5 2n 2y2n
e3x1*3”(-Fx)m<a+cx2“)p[1+cx AppellFl{—+m+ n) P, 3, me nJ_cx ’ex
a 2n 2n a d?
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Result (type 8, 28 leaves):
J(fx)"' (a+cx2n)P

(d+ex”)3

dx

Problem 93: Result more than twice size of optimal antiderivative.

J(b+2cx) (a+bx+cx2)13d1x

Optimal (type 1, 16leaves, 1step):

— (a+bx+cx?)™

14

Result (type 1, 201 leaves):

1

— X (b+cx

14 (b+ex)

(14a13+91a12x<b+cx)+364a11x2 (b+cx)2+1901a19x3 (b+cx)3+2002a9x4 (b+cx)4+
3003 a8 x° (b+cx)5+3432a7x6 <b+cx)6+3003a6x7 (b+cx)7+2002a5x8 (b+cx)8+1001a4

x° <b+cx)9+364a3x1e (b+cx)1e+91a2x11 (b+cx)11+14ax12 (b+cx>12+x13 (b+cx)13>

Problem 94: Result more than twice size of optimal antiderivative.

JX (b+2cx2) (a+bx2+cx4)13d1x

Optimal (type 1, 18leaves, 2 steps):
1

- (a+bx2+cx4>14

28

Result (type 1, 233 leaves):

1

—x2 (b+cx?) (14a13+91a12x2 (b+cx?) +364atx* (b+cx2)2+
28

1001 a® x° (b+cx2)3+2002 a’ x8 (b+cx2)4+3003 a8 x1e (b+cx2)5+3432 a’ xt2 (b+cx2)6+
3003 a° x™ (b+cx?)’ +20022a° x*® (b+cx?)®+1001a" x*® (b+cx?)?+
1

364.2° %% (b cx?) ™+ 9127 x2 (b cx?) ™+ 1425 (b cx?) 21k (b1 cx?) )

Problem 95: Result more than twice size of optimal antiderivative.
sz (b+2cx?) (a+bx3+cx6)13d1x

Optimal (type 1, 18leaves, 2 steps):

i (a+bx3+cx6)14
42

Result (type 1, 233 leaves):
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ix3 <b+cx3) (14a13+91a12 3(b+cx)+364a11 6(b+cx) +1001 a'® x 9(b+cx)
42

2002 a° x*? (b+cx3) + 3003 a8 x** (b+cx3) +3432 a7 x8 (b+cx3)6
3003 a°® x4t (b+cx3)7+2002 ad x4 (b+cx3) + 1001 a* x¥’ (b+cx3)9
1

364 a3 x3° <b+cx3) %1 91a%x33 <b+cx3’)11+14ax36 (b+cx3)12+x39 (b+cx3>13)

4

Problem 96: Result more than twice size of optimal antiderivative.

Jx‘l”‘ (b+2cx“) (a+bxn +cx2”)13 dx

Optimal (type 3, 23 leaves, 2 steps):

(a+bx”+cx2")14

14n

Result (type 3, 260 leaves):
Lxn <b+cx“) (14a13+91a12 (b+cx ) + 364 atl x2" (b+cx ) +1001 3% x3" (b+cx )
14 n

2002 2° x*" (b+cx")*+ 3003 a% x*" (b+cx")5+3432a7 " (b+cx")®

3003 a® x’" (b+cx ) +2002 a° x8" <b+cx”) +1001 a* x°" (b+cx”>9

364 a3 xon (b+cx”)1e+91a2x11” (b+cx”)11+14ax12” (b+cx“)12+x13” (b+cx“)13)

Problem 97: Result more than twice size of optimal antiderivative.

J(b+2cx) (—a+bx+cx2)13dlx

Optimal (type 1, 18leaves, 1step):
s (a-bx-cx?)
14

14

Result (type 1, 201 leaves):

ix(b+cx> (—14a13+91a12x<b+cx) 364 all x 2(b+cx)
14
1001 a® x3 (b+cx)3—2002a9x4 (b+cx>4+3003a8x5 (b+cx)5
3432 a7 x5 (b+cx)6+3003a6x7 <b+cx)7—2002a5x8 (b+cx)8+1001a4x9 (b+cx)9—
364 a3 x*° <b+cx)m+91a2x11 (b+cx>1l—14ax12 (b+cx)12+x13 (b+cx>13)

Problem 98: Result more than twice size of optimal antiderivative.

JX (b+2cx2) (7a+bx2+cx4)13d1x

Optimal (type 1, 20leaves, 2 steps):

S (afbxzfcx“)14
28
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Result (type 1, 233 leaves):
ix2 <b+cx2) (—14a13+91312x2 (b+cx2) - 364 atl x* (b+cx2)2+
28

1001 a® x° (b+cx2> - 2002 a° x& <b+cx2)4+3003 ad xe (b+cx2>5—3432 a’ x*? (b+cx2)6+
3003 a° x* (b+cx?)’ - 20022a° x*® (b+cx?)®+1001a% x*® (b+cx?)® -
1

364 a3 x?° <b+cx2) %91 a%x22 <b+cx2)11—14ax24 (b+cx2)12+x26 (b+cx2>13)

3

Problem 99: Result more than twice size of optimal antiderivative.

sz (b+2cx3) (—a+bx3+cx6>13d1x

Optimal (type 1, 20leaves, 2 steps):

e (a—bx3—cx6)14

42

Result (type 1, 233 leaves):

ix3 <b+cx3) (—14a13+91a12x3 (b+cx3) ~ 364 all xb (b+cx3)2+

42

1001 2% x° (b+cx?)® - 20022° x2 (b+cx*)* + 3003 a® x** (b+ cx*)° -

3432 a’ x*8 (b+cx3)6+3003 a® x?t (b+cx3)7—2002 a® x** (b+cx3)8+1991 a* x¥ (b+cx3>9—
1

364 a3 x3° <b+cx3) %1 91a%x33 <b+cx3’)11—14ax36 (b+cx3)12+x39 (b+cx3>13)

3

Problem 100: Result more than twice size of optimal antiderivative.
Jx‘l”‘ (b+2cx") (-a+bx"+ ch”)B dx
Optimal (type 3, 25leaves, 2 steps):

(a—bx”—cx“)14

14n

Result (type 3, 260 leaves):
Lxn <b+cx“) (—14a13+91a12xn <b+cx") - 364 3t x2" (b+cx">2+1001a19x3n <b+cx”)3—
14 n

20022° x*" (b+cx")*+3003a%x°" (b+cx")®-3432a"x°" (b+cx")®+

3003 a® x’" (b+cx”)7—2002a5 x8"n <b+cx”)8+1001a4x9” (b+cx”>9—

364 a3 xon (b+cx”)1e+91a2x11” (b+cx”)11—14ax12” (b+cx“)12+x13” (b+cx“)13)

Problem 101: Result more than twice size of optimal antiderivative.

J(b+2cx) (bx+cx2)13dlx

Optimal (type 1, 15leaves, 1step):
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S (bx+cx2)14
14

Result (type 1, 172leaves):

14 14
b X + b13 C X15 + E blz C2 X16 + 26 bll C3 X17 + 143 bl0 C4 X18 +

14 2 2

429 1716 429
143b° c®xPP + — b8 x®+ —— b7’ x s —b®c®x??2+143b° c? xP +
2 7 2
14 28

143 b® 10 324 | 26 b3 11 25 4 13 b2 12426 , p 13527 , & X

2 2 14

Problem 102: Result more than twice size of optimal antiderivative.

Jx (b+2cx2> (bx2+cx4)13d1x

Optimal (type 1, 16leaves, 3 steps):
= x*® (b+c x2)14
28

Result (type 1, 182leaves):

b™ X + 1 b3 c x3® + 13 b2 c2x32 +13bM 3 x3 + 143 b1® c% x3° +
28 2 4 4
M oo B2 pm o ae, B8 7 e 029 e s 103 s o s
2 4 7 4 2
£ b4 Cle X48 +13 b3 c11 XS@ + E b2 c12 X52 4 1 b C13 X54 + C14 X56
4 4 2 28

Problem 103: Result more than twice size of optimal antiderivative.

sz (b+2cx3) (bx3+cx6>13dlx

Optimal (type 1, 16leaves, 3 steps):

lx42 (b+cx3)14
42

Result (type 1, 186 leaves):

14 42
bTxT 1 bt xis . 2 przcayes, 20 aym 143 i 4 s
42 3 6 3 6
143 b% ¢ x*7 + 143 b8 c® x%° + >72 b7 ¢” x& + 143 b® c® x°° + 143 b> c® x® +
3 2 7 2 3
143 cl4 w84

b4 c10 72 26 b3 clt 75 13 b2 c12 78 1 b cl3 %81 4
6 3 6 3 42
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Problem 128: Result more than twice size of optimal antiderivative.

dx

Jxl*” (b +2¢C x“)

(bx”+cx2”)8

Optimal (type 3, 21 leaves, 3 steps):

X—7 n

7n<b+cx")7

Result (type 3, 127 leaves):
1

7b%n (b+cx“)7
x7n (b14 +1716b7 ¢’ x’"+12012b°% c® x®" + 36036 b> c® x°" + 60060 b* c'® x'°" + 60060 b3 ! x!1"
36036 b% c? x12" 112012 b ¢ x¥3" + 1716 ¢4 x14")

Problem 142: Result more than twice size of optimal antiderivative.

dx
2

J (Fx)™ (d+ex")
(

a+bx”+cx2”)

Optimal (type 5, 374 leaves, 5steps):
(fx)l”" (b’d-2acd-abe+c (bd-2ae) x")

a (b2—4ac)-Fn <a+bx”+cx2")

dacd (1+m—2n)—bzd(1+m—n)+2aben

(c[(bd—Zae) (Lem-n) -

Vb2-4ac
1em . 1+m 1+m+n 2cx"
(fx) """ Hypergeometric2F1[1, s - ] /
n n b-+b2-4ac

(a (b*-4ac) (b—x/b2—4ac ) f(l+m)n

dacd (1+m—2n)—bzd(1+m—n)+2aben

(c [(bd—Zae) (L+4m-n)+

Vb2-4ac
1em . 1+m 1+m+n 2cx"
(fx) """ Hypergeometric2F1[1, s - ] /
n n b+vb?-4ac

(a (b*-4ac) (b+x/b2—4ac ) f(1+m)n

Result (type 5, 5363 leaves):
X (fx)m (—b2d+2acd+abe—bcdx”+2acex”)

a(-b2+4ac)n(a+bx"+cx?")

| 91
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1 m
+m lemen 1 n 1
bcdx" (fx)" (x") T X Hypergeometric2Fi| - = ,
VbZ-4ac _ -b-y/b%-4ac XD n

2c

+m 1+m 1+m -b++/b?-4ac
Hypergeometric2F1|- , - ,1- - ] /
n n n 2 ¢ {_ —b+3{t2)2—4ac +Xn)
C

1+m  l+m+n

(a(-b*+4ac) (L+m))+|2cext (Fx)" (x")n =

1 x" . 1+m 1+m
- Hypergeometric2Fi | - , - s
Vb2-4ac _ -b-y/b’-4ac X n n
2c

1+m -b-+b?-4ac 1 x"
1- » - ]+
n >c | blb*dac  q Vb2 -4ac | -beb2aac "
2c 2c

. 1+m 1+m 1+m -b++vb?>-4ac
Hypergeometric2F1|- , - ,1- , - ] /
n n n 2¢ 77b+3{l;2—4ac vy
C

1+m  1limen

((-b*+4ac) (1+m)) + |bcdx™ (Fx)" (x") 0 =

1 X" . 1+m 1+m
- Hypergeometric2F1 |- , - s

Vb2-4ac _ -b-y/b%-4ac n n

+xN
2c
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1+m -b-+b?-4ac 1 X"
1- , - ]+
n 2c |_bbidac i b2-4ac | -bs/b>dac o
2 2c

. 1+m 1+m 1+m _b+Vb2-4ac
Hypergeometric2F1|- , - 1 - | /
C

1em  1emen

(a (7b2+4ac) (1+m) n)f 2cextn (fX)m(x”)n d

1 XN . . .
) HYPer'geometr-lczFl[f , - ,
b2-4ac _bor/b2-4ac o . .
2c

1- , - ]+
2c¢C b-\/b’>-4ac o X" b 4ac | -bifbaac .
2c e

1em lemen

((-b>+4ac) (1+m)n)+ bcdmx™ (£x)" (x") =

) Hypergeometric2F1 [_ , - ,
Vb2 -4ac | _bofbiaac . ; ]
2c

1+m _b-/b?-4ac 1 o
1o =20 .
n b+/b>dac VbZ-dac | bforaac

| 93



94 | Mathematica 11.3 Integration Test Results for 1.2.3.4 (f x)™"m (d+e x~n)~q (a+b x~n+c x~(2 n))~p.nb

. +m 1+m 1+m -b++vb?-4ac
Hypergeometric2Fi|- , - ,1- - ] /
n n n 2¢ - —b+3{22—43c +xM
C
17"]71\"\“
(a(-b*+4ac) (1+m)n) - [2cemx™" (fx)" (x") »
_rm
1 X" . +m 1+m 1+m
- Hypergeometric2F1 |- , - ,1- s
2c
_im
-b-+/b%-4ac 1 x" .
- ]+ Hypergeometric2Fi |
2¢ _ -b-y/b*-4ac X Vb2-4ac _ -ben/b?-4ac L xh

2c

— 2 _
1+m 1+m 1+m b+b2-4ac ] /((_b2+4ac) (1+m)n)+

_ _ 1- _
J B )
[
i
, . X" . 1+m 1+m 1+m
b2dx (£x)"||1- Hypergeometric2F1 |- ) - > 1- >
_ -b-y/b’-4ac £ xN n : n
2c

. boyBaac ]/b(b\/b24ac) (-b-vb7-2ac )’

+ +
2¢ -b-~/b*-4ac NG 2c 2¢c
2c
_tm
X" . 1+m 1+m 1+m
1- Hypergeometric2F1 |- s - » 1- s
-b+y/b*-4ac n n n n
- + X

b+Vb2_4dac ]/ b(—b+\/b2—4ac) (—b+\/b2—4ac)2 /
+
2¢ _7b+3{b274ac X"

2c¢C 2c¢C
2c
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n
(a(-b*+4ac) (1+m)) - |4cdx (fx)" ||1- X
_—b—3{b2—4ac v
2c¢
b_+/b2_
HypergeometricZFl[—1+m,_1+m,1_1+m,_ b-+vb°-4ac ]/
[
in
b(-b-vb>-4ac| (-b-+b2-4ac)’ . "
+ + 11—
2c¢C 2c¢C b :b2—4ac o
2c¢
. 1+m  14m 1+m _b+vb2-4ac
Hypergeometric2F1 |- , - ,1- L ]/
C
b(-bs\b? aac) [-bivVb? aac)’
+ /((—b2+4ac) (1+m)) -
2c 2cC
_im
2 m x" . 1+m 1+m 1+m
b?d x (fx) 1- Hypergeometric2F1 |- , - L 1- ,
,M+Xn n n n
2c

b-bT_dac ]/ b(-b-vb?-2ac| (-b-+b2-4ac)’
2c [ balbaac 2¢ 2¢

2c

1+m
1- Hypergeometric2F1 |- s - » 1- s

beVBE AaC ]/ b(-b+vb?-2ac) (-b:iyb?-dac)’ /
+
2 ¢ _ -b+y/b’-4ac X"

2c¢C 2c¢c
2c
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Xn
(a(-b*+4ac) (1+m)n)+ |2cdx (fx)" ||1-
_—b—3{b2—4ac X
2c
1+m  1+m 1+m -b-+b?>-4ac
Hypergeometric2F1 |- L T ]/
n n n ZC( —b—3(22—4ac L xN
C
in
b(-b-vb?-4ac (—b—\/b2—4ac)2 o "
+ + 11—
2c 2c _cbifbdac  oq
2c
. 1+m 1+m 1+m -b++vb2-4ac
Hypergeometric2F1 |- , - , 1- s - ] /
C

o[ beVoraac) [beVor aac)’ /(-0 <aac) (1om)n)«

2c¢C 2cC
_im
m x" . 1+m 1+m 1+m
bex (fx)" 1~ Hypergeometric2F1 |- , - L1 ,
2c

b-b?-dac b (-b-b?-4ac| (—b—\/b2—4ac>2
e[ balbraac | ia | /

2c

2c¢C 2c¢C

1+m
1- Hypergeometric2F1 |- s - » 1- s

beVBE AaC ]/ b(-b+vb?-2ac) (-b:iyb?-dac)’ /
+
2 ¢ _ -b+y/b’-4ac X"

2c¢C 2c¢c
2c
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n
((-b2+4ac) (1+m)n)-|b2dmx (Fx)"||1- .
_—b—3{b2—4ac XD
2c
1 1 1 -b-+vb%2-4
Hypergeometric2F1 |- +m,— +m,1— +m,_ ac ]/
n n n 5 ( b {22;4“ e
)
b(-b-Vb?-4ac| (—b—\/b2—4ac)2 o "o
+ + |1 -
2¢ 2¢ _cbefbidac g
2c
. 1+m 1+m 1+m ~b+Vb*-4ac
Hypergeometric2F1 |- , - ,1- , - ]/
n n n 2¢ (_ —b+3(|;274ac iy
C

b(—b+m)+(—b+m)2 /(a (-b%>+4ac) (1+m)n) +

2c 2cC
_rm
n x" . 1+m 1+m 1+m
2cdmx (fx)"| |1~ Hypergeometric2F1 |- , - J1- ,
2c¢c

b-b?-dac b (-b-b?-4ac| (—b—\/b2—4ac>2
e[ balbraac | ia | /

2c

2c¢C 2c¢C

1+m
1- Hypergeometric2F1 |- s - » 1- s

beVBE AaC ]/ b(-b+vb?-2ac) (-b:iyb?-dac)’ /
+
2 ¢ _ -b+y/b’-4ac X"

2c¢C 2c¢c
2c
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n
((-b2+4ac) (1+m)n)+|bemx (fx)"||1- X
_ -b-y b2-4ac X
2c
1 1 1 -b-+vb%2-4
Hypergeometric2F1 |- +m’_ +m,1— +m,_ ac ]/
n n n 5 ( b {22;4“ e
)
b(-b-vb>-4ac| (-b-+b2-4ac)’ " '
+ + 11—
2c 2¢c _cbefbidac g
2c
. 1+m 1+m 1+m -b++/b%-4ac
Hypergeometric2F1 |- , - ,1- , - ]/
n n 2¢ (_ —b+3(22—4ac iy
C

b (—b+\/b2—4ac) (—b+\/b2—4ac )2

2c¢C 2c¢C

Problem 143: Result more than twice size of optimal antiderivative.

dx

J (Fx)" (d+ex")
(

a+bx”+cx2“)3

Optimal (type 5, 816 leaves, 6 steps):
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(_FX>1+m (bzdfzacdfabeJrc (bd—Zae) Xn>

2

+
2a <b2—4ac) fn (a+bx”+cx2”)

((fx)l*m ((b*-2ac) (abe(1+m)+2acd (1+m-4n)-b*d (1+m-2n)) +
abc(bd-2ae) (1+m-3n)+
c(ab’e(1+m)+2abcd(2+2m-7n)-4a’ce (1+m-3n)-b*d (1+m—2n))x”))/
(Za2 (b2—4ac)2fn2 (a+bx”+cx2”)) -

(c

(abze (1+m) +2abcd (2+2m-7n) -4a’ce (1+m—3n) -b3d <1+m—2n)) (1+m—n) +

1

VbZ-4ac

b*d <1+m2+m(2—3n) —3n+2n2) +6ab?cd (1+m2+m (2—4n) —4n+3n2) -

(ab3e (1+m) (1+m—n) -4a’bce <1+m2+m(2—n> —n—3n2) -

8a’c’d (1+m>+m (2-6n) 6n+8n2))]

Lem . 1+m 1+m+n 2cx"
(fx) """ Hypergeometric2F1[1, s s - ] /
n n b-vVb2-4ac
[Za2 (b2—4ac)2(b—x/b2—4ac f(1+m) nz)—

(c [(abze(1+m)+2abcd<2+2m—7n)—4a2ce(1+m—3n)—b3d<1+m—2n)) (1+m—n)—

1

VvbZ-4ac

b*d (1+m?+m (2-3n)-3n+2n?) +6ab’cd (1+m2+m (2—4n) —4n+3n2) -

(ab3e (1+m) (1+m—n) ~4a’bce <1+m2+m(2—n> —n—3n2) -

8a%c%d (1+m2+m (2—6n) 6n+8n2>)J

Lem . 1+m 1+m+n 2cx"
(fx) " Hypergeometric2F1[1, s s - ] /

n n b+vVb2-4ac
[Za2 (b2—4ac)2 (b+x/b2—4ac ] f (1+m) nz)

Result (type 5, 20515 leaves): Display of huge result suppressed!

Problem 145: Unable to integrate problem.

dx

J(Fx)m (d+ex")f

a+bx"+cx2"

Optimal (type 6, 245leaves, 5 steps):
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Tem q ex") 4 l+m l+m+n 2cx" ex"
2¢ (fx)"" (d+ex") 1+ AppellFl|——, 1, -q, , - , - ] /
d n n b-+Vb%*-4ac d

[\/b2—4ac (b—\/b2—4ac ] f(l+m)

1+m ex") 1+m l+m+n 2cx" e x"
2¢ (Fx)*" (d+ex")d [1+ ) AppellFl|——, 1, -q, , - , - ] /
n n b+Vb*-4ac d

(\/b2—4ac (b+\/b2—4ac]f(1+m)

Result (type 8, 33 leaves):

J(fx)"' (d+exn)f ix

a+bx"+cx2n

Problem 146: Unable to integrate problem.

dx

sz (d+ex)?

a+bx"+cx?"

Optimal (type 6, 210leaves, 5 steps):

3 nq ex"\ 3 3+n 2cx" ex"
-[[2ex® (d+ex")? |1+ AppellFl[ =, 1, -q, , - , - ]
d n n b-vb?-4ac d

(3 (b2—4ac—bm”

3 ex"\ A 3 3+n 2cx" e x"
2¢x® (d+ex")? (1+ AppellF1| =, 1, -gq, , - , - ] /
n n b++Vb*-4ac d

(3 (b2—4ac+b\/mJ)

Result (type 8, 31 leaves):
X2 (d+ex")d
J S0 ax

a+bx"+cx2"

Problem 147: Unable to integrate problem.
x (d+exn)f
J— dx

a+bx"+cx?"

Optimal (type 6, 206 leaves, 5 steps):
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-4 2 2+n 2cx" e x"

ex"
AppellFl[_J 1, -q, > - > - ]
n

d

(b2—4ac—bm)]_

c x? (d+ex”)q (1+

) ex"\ A 2 2+n 2cx" e x"
cx? (d+ex")d [1+ ] AppellF1l] =, 1, -q, y - , - ] /
n n b+Vb2-4ac d

(b274ac+b«/b274ac)

Result (type 8, 29leaves):

J X (d+exn)

a+bx"+cx2n

dx

Problem 148: Unable to integrate problem.
J (d+ex”)q dx

a+bx"+cx2"

Optimal (type 6, 194 leaves, 5 steps):

ex") 1 1 2 cx" ex"
- 2cx(d+ex”)q(1+ ) AppellF1[—, 1, -q, 1+, - ————, - ] /
n N b-+vb2-4ac d

(b274ac—b\/b274ac)

ex") 1 1 2cx" ex"
2cx(d+ex”)q[1+ ] AppellFl[ =, 1, -q, 1+ ~, - ———, - ] /
n N b+Vb?-4ac d

(b2—4ac+b«/b2—4ac )
Result (type 8, 28 leaves):

j<d+eX“>q ix

a+bx"+cx2n

Problem 149: Unable to integrate problem.
J (d+ex)? ix
X (a+bx"+cx2")

Optimal (type 5, 263 leaves, 8 steps):
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b . 2c(d+ex“)
C 1+] (d+ex”) *qHyper‘geometr‘iCZFl[l, 1+q,2+q, } /
Vb%2-4ac 2cd—(b—\/b2—4ac)e
(a (ch—[b—\/b2—4ac e n(1+q))+
b ) 2c(d+ex”)
c [1—] (d + ex") """ Hypergeometric2F1[1, 1+q, 2 +q, ] /
Vb?2-4ac 2cd—<b+\/b2—4ac)e
(a 2cd—[b+«/b2—4ac e n(1+q))—

(d ‘e xn)l*q Hyper'geometr'ic2F1[1, 1+9,2+q, 1+ edi]

adn (1+q)

Result (type 8, 31 leaves):
(d+ex)?
Jx (a+bx"+cx2n) >
Problem 150: Unable to integrate problem.
(d+exn)d
sz (a+bx"+cx2") ax

Optimal (type 6, 212 leaves, 5 steps):

ex") 9 1 1-n 2cx" e x"
2c (d+ex")? (1+ J AppellFl[-—, 1, -q, - , - y - ] /
n n b-+vVb2-4ac d

((b274acfbxlb274ac x| +
q ex"\ 1 1 1-n 2cx" e x"
2c (d+ex") (1+ ] AppellFl[-—, 1, -q, - , - , - ]/
n n b+vVb*-4ac d

X

((b274ac+b«/b2—4ac

Result (type 8, 31 leaves):
(d+exn)d
sz (a+bx"+cx2") ax
Problem 151: Unable to integrate problem.
(d+ex)?
Jx3 (a+bx"+cx2") ax

Optimal (type 6, 210leaves, 5steps):
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n\ g ny-a 2 2-n 2cx" ex"
c(d+ex") [1+ ] AppellFl[-—, 1, -q, - , - , - ] /
n n b-+Vb*-4ac d

[(b2—4ac—b«/b2—4ac x2| +
ex")d 2 2-n 2cx" e x"
c(d+ex”)q(1+ ) AppellFl[- =, 1, -q, - , - , - }/
n n b++Vb%2-4ac d
XZ

[(b2—4ac+bx/b2—4ac

Result (type 8, 31 leaves):
d n\d
j (d+ex") x
x3 (a+bx“+cx2“)

Problem 152: Result more than twice size of optimal antiderivative.

J(-Fx)"' (d+ex”)2 (a+bx”+cx2">pdlx

Optimal (type 6, 498 leaves, 10 steps):

1 2¢cx" P 2¢cx" P
—d? (fx)l”" 1+J 1+J (a+bx”+cx2")p
'F(1+m) b-+vb%-4ac b+rvb2-4ac
1+m 1+m+n 2cx" 2cx" 1
AppellFl[ > = P> =P y ~ > - +
n n b-+vVb2-4ac b++vb2-4ac l+m+n
2cx" P 2¢cx" P
2dextn (-Fx)”' 1+] [1+] (a+bx”+cx2”)ID
b-+vb2-4ac b+vb2-4ac
1+m+n 1+m+2n 2cx" 2cx"
AppellFl[—, -P> P,  ~ = ] +
n n b-+/b?-4ac b+Vb2-4ac
1 2cxn P 2cxn P
e2X1+2n<_FX>m 1+ _] [1+—] (a+bx”+cx2")p
1+m+2n b-+vVb2-4ac b+vVb2-4ac
l1+m+2n l1+m+3n 2cx" 2cx"
AppellFl[iJ -pP> P, y y ~ ]
n n b-+vb2-4ac b+vVb*-4ac
Result (type 6, 1762 leaves):
b-+vb2-4ac P
—|]27tP (b+\/m] d*> (T+m+n) x (fx)" | ————+x" (—b+x/b2—4ac -2cx"
2c¢C
b-vVbZi-4ac +2cx"|” 2
- [72a+(7b+«/b274ac x"| (a+x" (b+cx")) P
c
1+m 1+m+n 2cx" 2cx"
AppellFl[ > =P P, - b ] /
n n b+vb2-4ac -b+yb%2-4ac

[(-bﬁz_m] (1om) [be/b?—4ac -2¢x0
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1+m 1+m+n 2cx" 2cx"
-2a (1+m+n) AppellF1| s —Ps —P» s - s ]+
n n b+vb>-4ac -b++/b?2-4ac
1+m+n 1+m+2n
npx" —b+x/b2—4ac]AppellFl[L,l—P;—P, ;)
n n
2cx" 2cx"
_ , ]—(b+x/b2—4ac]
b+Vb2-4ac -b++b?>-4ac
1+m+n 1+m+2n 2cx" 2cx"
AppellFl[*; -p, 1-p, > 4 N
n n b+Vb2-4ac -b++Vb%>-4ac
-b-+vb%2-4ac P
{2“(b+xlb2—4ac de(1+m+2n) xt+n (-Fx)”' - + X"
2cC
-b++/b2-4ac . P
_ + X
2c¢C
-b++vVb%-4ac 2cx“]p
-b+vVb2-4ac
b-vVbZ-4ac +2cx"|”
c
b-+Vb*-4ac +2cx" e [b+\/b2—4ac c2cxn)?
b-vb2-4ac c
2
(2a+[b—xlb2—4ac X" (a+bx”+cx2”)'°
1+m+n 1+m+n 2cx" 2cx"
AppellFl[—, -p, -p, 1+ ) ’ /
n n -b-+/b%2-4ac -b++b>-4ac
[(1+m+n) (b+«/b2—4ac +2cx" (a+x” (b+cx”))
1+m+n 1+m+2n 2cx" 2cx"
2a (1+m+2n) AppellF1[———, -p, -p, ) - , ] -
n n b+vb2-4ac -b+vVb%2-4ac
l1+m+2n
npx" 7b+x/b274ac]Appe11F1[;,17p,—p,
n
1+m+3n 2cx" 2cx"
ML L s ]—(b+xlb2—4ac]
n b+vb2-4ac -b+yb%2-4ac
1+m+2n 1+m+3n 2cx" 2cx"
AppellFl[i, -p, 1-p, >~ B ] +
n n b++Vb2-4ac -b++b?>-4ac

-p
n

b-vb2-4ac
- +

2c

X

[2‘1‘pc [b+x/b2—4ac
[b\/b24ac +2cx"

e? (1+m+3n) xH2" (fx)m(

1+p

C

2

X" (a+xn (b+cx“))’1+p

(—2a+ (—b+\/b2—4ac
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1+m+2n 1+m+3n 2cx" 2cx"
AppellFl[i) -P> P, y ) /
n n b++vVb2-4ac -b++b’>-4ac
[(b+x/b24ac) (1+m+2n) [b+x/b2—4ac +2cx"
1+m+2n 1+m+3n 2cx"
-2a (1+m+3n) AppellFl| ————, -p, -p, , - B
n n b+vVb*-4ac
2cx" l1+m+3n
| +npx" —b+x/b2—4ac]AppellFl[;,l—p,
-b++/b%2-4ac n
1+m+4n 2cx" 2cx" A —
-P, - . - ) ]—(b+ b2—4ac
n b+vb2-4ac -b+y/b%2-4ac
1+m+3n 1+m+4n 2cx" 2cx"
AppellFl [ - — P, 1- P, y - E) ]
n n b+Vb2-4ac -b++b?>-4ac

Problem 153: Result more than twice size of optimal antiderivative.

J]fxw<d+exw (a+bx"+cx2")Pdx

Optimal (type 6, 323 leaves, 7 steps):

1 2cxn P 2cxn P
e 1 PR et
f(l+m) b-+b2-4ac b+vb2-4ac

1+m 1+m+n 2cx" 2cx"
AppellFl[ > =P =P > - y +
n n b-+vb2-4ac b+vb2-4ac
1 2cx" P 2cx" P
exl*”(fx)m 1+] 1+] (a+bx”+cx2")p
l+m+n b-+Vb%2-4ac b+Vb%2-4ac
1+m+n 1+m+2n 2cx" 2cx"
AppellFl[ix -pP> —P, y - >~ ]
n n b-+Vb%2-4ac b+vVb2-4ac
Result (type 6, 1217 leaves):
b-vVb2-4ac P
- 2’1"’(b+xlb274ac]d(1+m+n)x(fx)m — X" [7b+x/b274ac 72cx”)
2c¢C
b-vVb2-4ac +2cx")” 2
* [72a+(—b+\/b2—4ac x" (a+x”(b+cx”))'1+p
c
1+m 1+m+n 2cx" 2cx"
Appe:l-lFl[ b *P: *P: ) - b /
n n b+vb2-4ac -b+vVb%2-4ac

b++/b?>-4ac +2cx"

1+m 1+m+n 2cx" 2cx"
> =P, P > - > ]"’

n n b+Vb2-4ac -b++vb%>-4ac

l+m+n 1+m+2n
—b+x/b2—4ac]AppellFl[L,l—p,—p, ;,

n n

“_b+VGTTZ§?)(1+m

[—Za (1+m+n) AppellF1|

npx"

| 105
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2ex 2| (oo aac)

- 3
b+vVb2-4ac -b+vb2-4ac

1+m+n 1+m+2n 2cx" 2cx"
AppellFl[i, -p,1-p, > - 4 i
n n b+vVb%2-4ac -b++vVb?-4ac
-b-+/b%2-4ac P
[lep[b+x/b2—4ac e(1+m+2n) xi+n (Fx)m - + X"
2c¢C
~b+vb2-4ac . ®
_ + X
2c¢C
-b+vb2-4ac —2CX”JP
-b++b?-4ac
b-+b2-4ac +2cx")”
c
b-+vb2-4ac +2cx" e [b+\/b2—4ac f2cxn)’
b-vb2-4ac c
2
(2a+[b—x/b2—4ac X" (a+bx”+cx2”)p
1+m+n l1+m+n 2cx" 2cx"
AppellFl[i,—p,—p,IJr 5 > ] /
n n -b-+b?-4ac -b++/b?-4ac
[(1+m+n) [b+x/b274ac +2cxn (a+x” (b+cx”))
1+m+n 1+m+2n 2cx" 2cx"
2a(1+m+2n) AppellFl[—,—p,—p, > - s ]‘
n n b+vVb2-4ac -b++b’>-4ac
l1+m+2n
npx" —b+x/b2—4ac]AppellFl[;,l—P;—p:
n
l1+m+3n 2cx" 2cx"
AU s ]—(b+ b2—4ac]
n b+Vb2-4ac -b+vb2-4ac
1+m+2n 1+m+3n 2cx" 2cx"
AppellFl[i, -p,1-p, >~ s ]
n n b+vVb2-4ac -b++b2-4ac

Problem 154: Result more than twice size of optimal antiderivative.

J(-Fx)m (a+bx“+cx2“)pdlx

Optimal (type 6, 158 leaves, 2 steps):

1 2¢cx" P 2¢cx" P
7(-Fx)1”" (1+ [1+ (a+bx“+cx2”)ID
f(1+m) b-vVb2-4ac b+vVb2-4ac

1+m 1+m+n 2cx" 2cx"
AppellFl[ ) *P: *P: b - }

- Bl
n n b-+/b?-4ac b+Vb2-4ac
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Result (type 6, 534 leaves):

_/b%_ P
—| |27t (b+x/b2—4ac] (Le4men) x (Fx)" erx” (—b+xlb2—4ac -2cx"
2c

b-vVb2-d4ac +2cx" |’ 2
v ' J (20 [0t aac ) (e (oo cxr))
c
1+m 1+m+n 2cx" 2cx"
AppellF1| s —Ps —Ps y - , ] /
n n b+vVb?2-4ac -b+vb%2-4ac
([—b+xlb2—4ac)(1+m) b++/b>-4ac +2cx"
1+m 1+m+n 2cx" 2cx"
—2a(1+m+n>AppellF1{ > =P -P, s - s ]+
n n b+vb2-4ac -b+y/b%2-4ac

l+m+n l1+m+2n
npx" —b+x/b2—4ac)AppellFl[L,l—p,—p, ;,
n n
2cx" 2cx"
_ s ]7[b+x/b274ac)
b+vVb2-4ac -b++/b2-4ac
1+m+n 1+m+2n 2cx" 2cx"
AppellFl[i, -p, 1-p, B ]

- 3
n n b+Vb2-4ac -b+vb2-4ac
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Summary of Integration Test Results

156 integration problems

A - 81 optimal antiderivatives

B - 17 more than twice size of optimal antiderivatives
C - 15 unnecessarily complex antiderivatives

D - 43 unable tointegrate problems

E - Ointegration timeouts



